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Abstract

The infinite Independent Subspace Analysis (iISA) is presented in this thesis. This

model is based on the nested Indian Buffet Process (nIBP), a stochastic process which

assigns probability distributions to trees of infinite depth and branching factors. In

Bayesian nonparametrics, the theoretical results of nesting strategies, particularly nIBP,

are still lacking, so some interesting properties of nIBP are illustrated through various

examples to gain insight further into the nIBP and related models such as nested Chi-

nese restaurant process (nCRP). Using the nIBP, the iISA model eliminates the restric-

tions of classical ISA algorithms on the number of groups andgroups sizes by allowing

them to be inferred from the data. Moreover, the specialisedinference algorithm based

on the Metropolis-Hasting method is proposed to handle the increased complexity of

the model. The experimental results have not only demonstrated the performance of

the iISA model, but also led to a conceptual understanding that can be used to improve

the model. Although the application of iISA model on the natural images was not

successful, it provides some insights that can be used for further development.
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Chapter 1

Introduction

Since the invention of the computer there have been attemptsto develop computers

as general programmable machines, that can be adapted to solve problems requiring

a considerable amount of computation, such as finance and engineering. Although at

first it might seem difficult to believe that machines can, forexample, play chess or

analyse the human genome, the introduction of new computersthat are faster, more

flexible, and more efficient makes the aforementioned applications become more fea-

sible. Nowadays, computers have become a crucial factor in the achievement of many

practical applications, not only in scientific discovery, but also in various industries.

Due to the emergence of many practical applications, most problems become more

complicated and require not only higher computational power but also an efficient al-

gorithms to solve problems effectively. Machine learning has emerged as one of the

scientific disciplines that aims to gain more flexibility in problem-solving by allowing

the computer to automatically learn to recognise complex patterns or relationship in

data so that optimal solutions can be found without hard-coding. Due to its promis-

ing performance, machine learning has been adopted in many practical uses, ranging

from the problems as simple as calculators to problems as complicated as brain image

analysis and the human genome project.

Although various machine learning techniques have proved successful in practice,

the performance of these techniques depends largely on the choice of the models given

the available data. Flexibility of these learning techniques can be gained by adjusting

the values of the associated parameters. Consider the clustering problem in which the

data are arranged into different clusters and we attempt to identify which data belongs

to which cluster. Most clustering algorithms, for example,K-means, allows the speci-
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fication of the number of clustersK before applying the algorithm to the existing data.

Choosing the appropriate values of parameters in the learning model is generally re-

garded as model selection, which often relies on the available data. Although allowing

the model to be adjusted according to the data, this scenariohas some drawbacks.

Firstly, finding the right model for the available data set using model selection can

be difficult and considerably computational demanding for many learning algorithms.

Cross validation, for instance, is usually used to perform model selection. In cross

validation, the data are separated into multiple subsets, each of which will be used to

evaluate the performance of the model trained using the restof the data. Since this

involves multiple runs of training algorithms and usually requires large amounts of

data, cross validation is not desirable when complex modelsare needed and few data

are available.

Secondly, even with the simple model such as K-means, it is usually difficult to

come up with the suitable value of parameters, for example, the number of clusters by

just looking at the data, especially a complex and high-dimensional data. Although

various preprocessing techniques can be employed to have a preliminary insight of the

data, these techniques are limited in that they can only capture some parts of the data

and ignore many details that might be useful. As a result, thefinal choice of the model

cannot be based entirely on these techniques.

Another drawback of such a parametric form of the model mentioned earlier is

that they do not allow the size of the model to grow as we observe more data. That is,

once we choose a specific model for the available data set, it stays fixed throughout the

learning process. In a clustering problem, for instance, once the number of clustersK

is specified, it will not change even if more data is gathered.The model is not able to

cope with the increasing number of data. In other words, the complexity of the model is

fixed and is not able to grow with the data size. This is not the case in many situations,

e.g., we would expect an increase in the number of clusters ifmore data are observed.

From the probabilistic perspective, more expressive probabilistic representations

to overcome the aforementioned limitations of the parametric models are needed. The

conventional probabilistic modelling such as graphical models, which defines the prob-

ability distribution over the simple fixed-dimensional random variables, is no longer

sufficient. The flexible probabilistic representations that allow us to work with more
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general objects such as lists, trees, and partitions need tobe considered. Furthermore,

for the effective exploitation of this flexibility, these novel representations should also

allow easy-to-derive efficient learning algorithms.

In fact, the framework of the Bayesian nonparametric model provides this kind

of flexibility. In this framework, the prior and posterior are no longer restricted to the

probability distributions, but are general stochastic processes. The stochastic processes

can be defined as an indexed collection of random variables, where the index set is

allowed to be infinite. Moving from simple probability distributions to general stochas-

tic processes provides the possibility to manipulate the objects in infinite-dimensional

space. Consider the case when the index set is the continuousrandom vectorsx ∈ R
d.

If we further assume that the output of a random functionf : Rd → R for any finite

subset of input points is normally distributed, this is a well-known Gaussian process

(GP) (Rasmussen and Williams, 2005). Note that the stochastic process is defined as

a collection of random variables{f(x)} for each possible value ofx. In other words,

we can directly define a prior over a space of functions using the GP. Together with the

well-defined likelihood, the posterior distribution over random functions can be easily

obtained via a standard Bayesian methods. This example demonstrates the possibility

to update the prior stochastic process into the posterior stochastic process in inference

just as we do with the parametric distributions used in classical Bayesian analysis.

An important basis for the prospect of Bayesian nonparametric models is the

concept of exchangeability introduced by Bruno de Finetti.De Finetti’s theorem

(Aldous, 1985) states that an infinite sequence of random variables(X1, X2, ...) is said

to be infinitely exchangeable if for any finite cardinal number N and permutationπ, we

havep(x1, x2, ..., xN ) = p(xπ(1), xπ(2), ..., xπ(N)), wherep is a probability mass func-

tion. It is equivalent to say that any finite subsets of those random variables is invariant

to permutation. Formally, the general De Finetti’s theoremstates(X1, X2, ...) are in-

finitely exchangeable if and only if there exist a parametricmodelp(xi|θ) for some

parameterθ and a probability distribution forθ with a densityp(θ) such that the joint

density of any subsets of those random variables can be written as

p(x1, x2, ..., xN ) =

∫ N∏

i=1

p(xi|θ)p(θ)d(θ) . (1.1)

It follows from Equation (1.1) that the joint distributionp(x1, x2, ..., xN) is invariant
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to permutation as the order of random variables does not affect the value of the joint

distribution. A more intriguing interpretation of this theorem states that if observations

are exchangeable, there must exist an underlying parameterand a corresponding prior

probability distribution, such that these observations are indeed a random sample from

some models specified by this parameter. In this context, there is no restriction that

θ should be a finite-dimensional object. Thus, by consideringthe parameterθ as an

infinite-dimensional object andp as a stochastic process, it clearly follows that the

inference over infinite-dimensional objects is amenable tothe Bayesian approach.

This work focuses on one of the nonparametric Bayesian models known as the

Indian Buffet Process (IBP), the goal of which is initially to provide a flexible proba-

bilistic modelling for sparse latent feature models (Griffiths and Ghahramani, 2005a).

Unlike the probabilistic mixture model, each data point canbe associated with multiple

binary latent variables. In IBP, there can potentially be aninfinite number of latent

features. This representation is appropriate when there are multiple overlapping clus-

ters or each data point may simultaneously belong to severalclusters. In the same

way as GPs induce the distribution over functions, IBP provides the distribution over

the binary matrices where rows are data points and columns are latent features. The

number of columns may potentially be unbounded, which allows more flexibility in

inferring the latent features from the data. Thus the IBP hasbeen used successfully

to extend some parametric models such as factor analysis (Paisley and Carin, 2009)

and independent component analysis (Knowles and Ghahramani, 2007). Moreover, the

success of IBP has also been demonstrated in diverse fields including binary matrix

factorisation (Meeds et al., 2006), cognitive science (Austerweil and Griffiths, 2008;

Navarro and Griffiths, 2008), and bioinformatics (Chu et al., 2006).

There have been attempts to develop more sophisticated nonparametric Bayesian

models on top of IBPs so that the complex structure underlying the data can be

captured more effectively. In Doshi-Velez and Ghahramani (2009), for instance, the

authors propose a generalisation of IBP that is able to modelthe correlated latent

features. The phylogenetic IBP (Miller et al., 2008) provides the non-exchangeable

prior for infinite latent feature model in which the prior knowledge about the rela-

tionship of objects using a tree structure can be incorporated. A three-parameter ex-

tension of IBP (Teh and Görür, 2009) exhibiting power-law behavior can be used to
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model word occurrences in document corpora. Additionally,the hierarchical mod-

elling (Teh and Jordan, 2010) is a major extension of nonparametric Bayesian models

to coupling a set of parameters through a shared underlying parameters, a basis for

many applications (Courville et al., 2009; Rai and Daumé III, 2008; Teh et al., 2006;

Thibaux and Jordan, 2007). In accordance with the general Bayesian nonparametric

framework, the introduction of stick-breaking representation (Teh et al., 2007) for the

IBP, as well as the beta process (Thibaux and Jordan, 2007) asthe de Finetti mixing

distribution underlying the IBP establishes the connections to other Bayesian nonpara-

metric models.

Nested modelling, unlike hierarchical modelling, allows more complex models

to be built from simpler components. In this thesis, the nested Indian buffet process

(nIBP) is explored, which is closely related to the nested Chinese restaurant process

(nCRP) (Blei et al., 2010). Both of them specify a generativeprobabilistic model for

tree structure. Unlike the nCRP, in which each object corresponds to a single path

down the tree, the nIBP allows each object to possess multiple paths constituting a sub-

tree. Since few works focus on nested models, particularly nIBP, one of the goals of

this thesis is to study the nesting strategy in the nonparametric Bayesian framework.

various characteristics of nIBP and explicit comparisons to nCRP are discussed. By

understanding its theoretical properties, we expect to draw more attentions to nIBP,

leading to the development of potential applications usingthis model.

As an example, we also develop the infinite Independent Subspace Analysis (iISA)

to illustrate through a particular application how nIBP model can be applied in practice

and explore the strengths and weaknesses of nIBP. Many variants of Independent Sub-

space Analysis (ISA) have been developed in the context of blind source separation

problems. Unlike Independent Component Analysis (ICA), which assumes that all hid-

den sources are mutually independent, the ISA mitigates this constraint by allowing

some hidden sources to be dependent. The independence assumption is thus imposed

on the groups of dependent sources (subspaces) instead of individual sources. However,

in traditional ISA models, the number of subspaces and the subspace dimensions must

be specified. Additionally, it is not clear how to generalisethe ISA models to instances

when subspace dimensions are not equal. By using the nIBP, the iISA model instead

allows the number of subspaces and their dimensions to be unbounded. The optimal
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setting can then be inferred from the data.

The remaining of this thesis is laid out as follows:

Chapter 2 Indian buffet process

An overview of the IBP, including a discussion of its relevant extensions.

Chapter 3 Infinite independent subspace analysis

A discussion of blind source separation problems that can besolved using inde-

pendent component analysis and independent subspace analysis. This includes a

review of the infinite ICA model and an introduction to the nonparametric version

of ISA model called the iISA based on the nIBP, which is the main contribution

of this thesis.

Chapter 4 Inference

The derivation of the conditional probabilities of variables in the infinite ISA

model used for inference, including a proposal for the use ofthe Markov chain

Monte Carlo (MCMC) method for this model.

Chapter 5 Experiments and analysis

The experimental results on both synthetic and real-world data, including the

problems found in the experiments, and the advantages and disadvantages of the

model.

Chapter 6 Conclusions and future works

Conclusions of the thesis and a discussion of the possibilities to improve the

proposed model, including further applications of the nIBP.



Chapter 2

Indian Buffet Process

The Indian buffet process was first proposed in Griffiths and Ghahramani (2005a) for

infinite latent feature models, which is then extended to a two-parameter family in

Ghahramani et al. (2007). Then in Thibaux and Jordan (2007),the beta process is

shown to be the underlying de Finetti mixing distribution ofthe IBP. Teh et al. (2007)

derives a stick-breaking construction and develops an efficient slice sampling inference

algorithm for the IBP. The IBP has been successfully appliedin various applications,

some of which include inferring hidden causes (Wood et al., 2006), choice models

(Görür et al., 2006), modelling dyadic data (Meeds et al., 2006), modelling the sparsity

structure in the latent variables (Knowles and Ghahramani,2007), overlapping cluster-

ing (Heller and Ghahramani, 2007), similarity judgement (Navarro and Griffiths, 2008),

matrix factorisation (Wood and Griffiths, 2006), and link prediction in relational data

(Miller et al., 2009).

The IBP relies on the assumptions of independence between latent features and

exchangeability of samples, which limits its uses in many practical domains. There

have been many attempts to extend the capability of IBP in order to overcome this lim-

itation. Doshi-Velez and Ghahramani (2009) generalise theIBP for correlated latent

features by imposing the hierarchical structures. A similar idea is also proposed by

Courville et al. (2009). In this work, the authors introducethe unbounded layers of la-

tent factors where the correlations between latent factorsin the layer below are induced

via the noisy-or mechanism. In these hierarchical models, correlations reflect a higher

layer of structure. A recent work also extends the IBP for correlated observations that

are non-exchangeable. The phylogenetic IBP (Miller et al.,2008) models the similari-

ties among observations by a tree, resulting in a non-exchangeable prior. In this model,
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the sharing of features between two samples is driven by not only the popularity of

features, but also the similarity of those samples.

Following several theoretical studies and practical uses of a hierarchical nonpara-

metric Bayesian model, a nested model is one extension that has not been exten-

sively studied. The nested model was first studied in the context of Dirichlet process.

Abel et al. (2008) proposed the nested Dirichlet process, first used in multicenter stud-

ies. With the nested Dirichlet process, data in each center and the centers themselves

can be simultaneously clustered by borrowing information across centers. A similar

idea is adopted in multi-task learning for the infinite Hidden Markov Model (iHMM)

(Ni et al., 2007). Imposing a nested Dirichlet process prioron the base distributions

enables the simultaneous performance of both task-level clustering and data-level clus-

tering. Another interesting extension of nonparametric Bayesian models is the nCRP

(Blei et al., 2003, 2010), which is proposed in the context oftopics modelling. The

nCRP is used as a prior on trees with infinite depth and infinitebranching factors that

represent the topic hierarchies of document collections. As the amount of literature

indicates, there has been much works, both in theory and practical applications, par-

ticularly compared to those in the hierarchical nonparametric Bayesian models. It is

therefore very beneficial to further investigate the theoretical properties and potential

practical applications of the nIBP.

2.1 Background

The Indian buffet process (IBP) provides a powerful approach to defining the factorial

representation in probabilistic modelling. As opposed to the multinomial representation

used in classical mixture models, the factorial representation provides each data point

a set of binary latent variables. A movie, for instance, may be described by a set

of genres, such as action and comedy. Since a single movie canbe categorised into

multiple genres, each movie is associated with the binary-valued vector whose elements

indicate which genres the movie belongs to, that is, the element is 1 if the movie is in

the corresponding genre and 0 otherwise. If the maximum number of active elements is

1, this will correspond to the multinomial representation where each movie is assumed

to be in only one genre. Therefore, in addition to a natural interpretation of featural

description of the objects, factorial representation alsoprovides a way to define the



2.1. Background 10

similarity between objects by looking at the number of features that two objects have in

common. Additionally, the factorial representation is more powerful than multinomial

representation, as the total number of clusters induced by the factorial representation is

2K , whereK is the number of binary latent variables.

2.1.1 An infinite feature model

In this section, a parametric model with a finite number of featuresK is defined. The

nonparametric model with infinite number of features is thenderived by takingK →
∞. Assume that there areK features and the possession of featurek by objecti is

indicated by a binary variablezik. Each object possesses featurek with a probability of

πk and whose features are generated independently. The binaryvariablezik is generated

according to the following generative process:

πk ∼ Beta(
α

K
, 1) (2.1)

zik|πk ∼ Bernoulli(πk) (2.2)

Given N data points, this process will generate a binaryN ×K matrixZ whose rows

and columns correspond to the data points and features, respectively. Since features are

generated independently, the probability of matrixZ given the vectorπ is

P (Z|π) =
K∏

k=1

N∏

i=1

P (zik|πk) (2.3)

=

K∏

k=1

πmk

k (1− πk)
N−mk (2.4)

wheremk =
∑N

i=1 zik is the number of objects that have featurek. The marginal

probability of a binary matrixZ can be obtained from Equation (2.4) by integrating

over all values forπ.

P (Z) =

K∏

k=1

∫
(

N∏

i=1

P (zik|πk)

)

P (πk)dπk (2.5)

=
K∏

k=1

B(mk +
α
K
, N −mk + 1)

B( α
K
, 1)

(2.6)

=

K∏

k=1

α
K
Γ(mk +

α
K
)Γ(N −mk + 1)

Γ( α
K
+N + 1)

(2.7)

The distributionP (Z) is clearly exchangeable as it depends on only the countmk.
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Figure 2.1– The binary matrixZ and its left-order form

Instead of defining the distribution over binary matrices, it is more natural to define

the distribution on the equivalence classes of binary matrices which have the same left-

order form. The left-order form of matrixZ is denoted bylof(Z) and can be obtained

by treating columns of the binary matrixZ as binary numbers with the first row as the

most significant bit and ordering them from left to right by their magnitudes. That is, all

binary matrices in the same equivalence class correspond tothe same left-order form.

Figure 2.1 shows the binary matrix and its left-order form. The notion of the equivalent

classes defined by the left-order form is beneficial to inference since the columns of the

binary matrixZ and other related objects can be rearranged without affecting the result.

To facilitate the derivation of infinite cases, the history of featurek is defined using

the decimal values expressed by the columns ofZ. At object i features can have one

of 2i−1 histories. Denote byKh the number of features possessing the historyh, with

K0 being the number of features for whichmk = 0 andK+ =
∑2N−1

h=1 Kh being the

number of features for whichmk > 0. Following (Griffiths and Ghahramani, 2005a),

the probability distribution over the equivalence classesof binary matrices,[Z], is

P ([Z]) =
∑

Z∈[Z]

P (Z)

=
K!

∏2N−1
h=0 Kh!

K∏

k=1

(α/K)(mk + (α/K))Γ(N −mk + 1)

Γ(N + 1 + (α/K))
(2.8)

By taking the infinite limitK →∞, the distribution defined in Equation (2.8) becomes

lim
K→∞

P ([Z]) =
αK+

∏2N−1
h=1 Kh!

exp
{
− αHN

}
K+∏

k=1

(N −mk)!(mk − 1)!

N !
(2.9)
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whereHN is theN th harmonic number,HN =
∑N

j=1
1
j
. This distribution is again

exchangeable as it depends on data only through the countmk. The details of the

derivation of this distribution can be found in (Griffiths and Ghahramani, 2005b).

2.1.2 Indian buffet metaphor

The process that generates the binary matrixZ from IBP can alternatively be understood

using the Indian buffet metaphor. In the Indian buffet restaurant, it is assumed that there

is an infinite number of dishes.N customers enter the restaurant one after another. The

first customer choosesPoisson(α) number of dishes. Given the history of customers

for each dish, the probability that the subsequent customers will choose a particular

dish is proportional to the number of customers that have previously chosen that dish.

Thus thei-th customer chooses dishk with a probability ofmk

i
, wheremk is the number

of previous customers who sample dishk. In addition to the dishes that have already

been sampled, the customer also tries aPoisson(α
i
) number of new dishes.

If each row and column of the binary matrixZ is the customer and the dish, respec-

tively, the above generative process will produce the sparse binary matrix according to

IBP. Nevertheless, neither the rows nor the columns of matrix Z are exchangeable. The

inference can be performed by treating the current data point as the last customer in the

buffet.

2.1.3 A two-parameter extension

According to Equation (2.2), the distribution of the numberof features is characterised

by α. Specifically, the distribution on the total number of features and the number of

features per object are coupled throughα. To remove this undesirable constraint, the

two-parameter extension of IBP is proposed in Ghahramani etal. (2007), which can be

defined as follows:

πk ∼ Beta(
αβ

K
, β) (2.10)

zik|πk ∼ Bernoulli(πk) (2.11)

A two-parameter generalisation allows the average number of features per object and

the total number of features in a set ofN objects to be tuned independently. The average

number of features per object is characterised byα. Usingβ, the model can be defined

such that the overall number of features can range fromα, where all objects share the
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same features, toNα, where no features are shared at all. Thus we can tune the overall

number of features while maintaining the average number of features per object atα.

To see howβ affects the overall number of features, that is, the numberK+ of

k with mk > 0, consider the expected value of the overall number of features. One

obtains directly from the buffet interpretation that the distribution ofK+ is Poisson with

meanK+ = α
∑N

i=1
β

β+i−1
. The expected number of features used therefore increases

asβ increases. For a fixed number of objectsN , one can see thatK+ → Nα asβ →∞.

In this limit, no features are shared amongN objects. Conversely,K+ → α asβ → 0,

in which all objects share the same features as the first one. As a result,β affects the

feature vector variance. At small values ofβ, objects tend to share more features, so

the feature vector variance is low. However, at high values of β, the probability of two

objects possessing the same feature is low, which results inhigh feature vector variance.

2.1.4 Completely random measure

Consider a measure space(Ω,A), whereΩ is a measurable space andA a σ-algebra.

A random measureµ over (Ω,A) is a stochastic process whose index set isA. For

any setA ∈ A, µ(A) is the random variable. A completely random measureµ is a

random measure such thatµ(A) andµ(B) are independent for any disjointed subsets

A,B ∈ A.

Consider a simple way to construct a completely random measure from the non-

homogeneous Poisson process (Kingman, 1967). Given a product space(Ω,R) and a

σ-finite product measureη, which is treated as the rate measure for a non-homogeneous

Poisson process, draw a sample{(ωi, pi)} from this Poisson process. Next, a measure

G onΩ is formed using this sample, as follows:

G =
∞∑

i=1

piδωi
(2.12)

where{ωi} is the atoms and{pi} is the weight associated to each atom. Related to

the IBP is a completely random measure called beta process. The rate measureη of

beta process is a product of an arbitraryσ-finite measureB0 on Ω and an improper

beta distribution on(0, 1), which can be defined forc > 0 asη(dω, dp) = cp−1(1 −
p)c−1dpB0(dω). The resulting completely random measure thus can be written as

B =

∞∑

i=1

piδωi
(2.13)
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wherepi ∈ (0, 1). The random measureB is said to be drawn from the beta process

with a concentration parameterc > 0 and a base measureB0 if it is generated as

B ∼ BP(c, B0) (2.14)

From Equation (2.13), a draw from the beta process is simply acollection of atoms in

Ω, each of which is associated with a weightpi drawn from a beta distribution whose

parameters are defined by the concentration parameterc and the base measureB0.

2.1.5 The Bernoulli process

It is natural to see a drawB from beta process as a collection of coin-tossing probabil-

ities. If coins are tossed independently, the following completely random measure is

obtained:

Z =

∞∑

i=1

biδωi
(2.15)

wherebi are independent Bernoulli variables with the probability that bi = 1 is pi. It

is possible to seeΩ as a set of potential features. A draw from the beta process then

encodes the probability for each feature to be active. Becauseη has infinite mass near

zero, infinitely many atoms inΩ will be assigned small weights. Therefore, only the

finite number of features will be active in a draw from the Bernoulli process. Using this

formula, we define a drawZ from Bernoulli process as follows:

B ∼ BP(B0) (2.16)

Z|B ∼ BeP(B) (2.17)

whereB0 is the base measure defining the initial set of atoms. The probability pi associ-

ated with each atom in a drawB from the beta process can be considered asπi defined

in the IBP. This shows the connection between IBP and Beta-Bernoulli processes. In-

deed, the beta process is shown to be the underlying de Finetti mixing distribution of

IBP (Thibaux and Jordan, 2007).

2.2 Hierarchical beta processes

Hierarchical modelling has been used within the framework of Bayesian nonparamet-

rics (Courville et al., 2009; Cowans, 2004, 2006; Doshi-Velez and Ghahramani, 2009;

Teh et al., 2006; Thibaux and Jordan, 2007; Xing et al., 2006). In classical parametric
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models, it is possible to think of hierarchical modelling asa way to build hierarchies on

finite-dimensional parameters. Bayesian nonparametric models also incorporate these

parameters and thus hierarchies can be built. In the framework of Bayesian nonpara-

metrics, however, it is more common to build the hierarchiesof the infinite-dimensional

parameters of nonparametric models as it results in increased flexibility and ease of in-

terpretation of the models.

The fundamental elements that form the basis of the hierarchical models are

the completely random measures discussed in Section 2.1.4.Specifically, the set of

completely random measures{G1, G2, ..., GM} are conditionally independent given

a base measureG0, which is itself a completely random measure. For instance,

the Hierarchical Dirichlet Process (HDP) (Teh et al., 2006)can be used to model re-

lated groups of data simultaneously, where each group is to be modelled as a DP

mixture. Since these groups of data are related, it is usefulto couple the underly-

ing random measures through the hierarchies. In Hierarchical Beta Process (HBP)

(Thibaux and Jordan, 2007), the underlying random measuresare simply the beta pro-

cesses.

The HBP can be defined as follows:

B ∼ BP(c0, B0)

Bj ∼ BP(c, B) ∀j ≤M

Zji ∼ BeP(Bj) ∀i ≤Mj (2.18)

whereM is the number of groups and there areMj individuals in groupj. Consider

when the measureB0 is discrete. A drawB from the beta process has atoms at the same

locations asB0. As the random measure,Bj , for each group shares the same base mea-

sure,B, which renders allBj to be related to each other, there are some overlaps among

the atoms chosen in the different groups. The degree of coupling between groups, i.e.,

betweenBj , is controlled by hyper-parameterc. For larger values ofc, Bj are closer to

B and thereby have more atoms in common.

2.3 Nested beta processes

Hierarchical models in Bayesian nonparametric couple multiple random measures

through the common base measure, providing a way to share atoms among random
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measures. This gives the flexibility to model the related groups of data. It is also worth-

while to consider the nested structure when atoms are separated into non-interacting

groups. In this case, the random measures have a unique set ofatoms and thereby do

not share atoms with other random measures. Nesting strategies allow the complex

model to be decomposed into several simpler components which may be solved more

easily. Lack of coupling among random measures simplifies the inference algorithms

and allows the use of the divide-and-conquer strategy in theinference.

The first model that makes use of the nesting strategy is the nested Dirich-

let process (nDP) (Abel et al., 2008). In this model, the collection of distributions

{G1, ..., GJ} is said to follow the nDP ifGj
iid∼ Q with Q ∼ DP(αDP(βH)), which

can be thought of as a DP where the base measure is also a DP. By imposing the nesting

structure, each draw from nDP is a stochastic process. Due tothe discrete property of

DP, with probability one, some of the stochastic processes drawn from nDP are identi-

cal. Therefore, the nDP induces the clustering of stochastic processes. If each stochas-

tic process is used to model the data, it will also induce the clustering of the data as the

stochastic process is simply a DP. As a result, the nDP induces the clustering of groups

of data as well as the data in each group simultaneously.

Specifically, the two-level nDP can be written in the following forms:

G ∼
∞∑

k=1

π∗
kδG∗

k

G∗
k =

∞∑

j=1

πkjδθkj (2.19)

where the weights{πkj} and{π∗
k} are defined as in Equation (2.12). From Equation

(2.19) it can be seen thatG is a draw from DP where the atoms in the measure space are

the DPs,G∗
k. That is, it is selected among an infinite set of components{G∗

k}. Moreover,

the atoms associated with lower-level DPs are distinct. Although the model defined in

Equation (2.19) considers only two levels of DPs, the nDP canalso be extended to an

arbitrary number of levels.

Abel et al applied the nDP in the multicenter studies. With the nDP, data in each

center and the centers themselves can be clustered simultaneously by borrowing in-

formation across centers. A similar idea is adopted in multi-task learning for infinite

Hidden Markov Model (iHMM) (Ni et al., 2007). Imposing the nDP prior on the base
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distributions allows task-level and data-level clustering to be performed simultaneously.

In contrast to the hierarchical DPs, the atoms are shared only when upper-level groups

fall in the same cluster.

The same nesting structure is applied in the nested Chinese restaurant process

(nCRP) (Blei et al., 2003, 2010), which is proposed in the context of topics modelling.

The nCRP metaphor involves a set of restaurants organised according to branching

structure which forms a tree whose nodes represent restaurants. All customers enter

the restaurant at the root node and select the table according to the usual CRP. Associ-

ated with each table in the restaurant is a note providing theaddress of the restaurant

where the customers will visit next. The repetition of this process will yield a tree with

infinite branching factors and infinite depth, where the paths down the tree correspond

to customers. There will be up toN paths if there areN customers, as some paths may

be selected by multiple customers.

The same nesting strategy can also be applied for beta process. Thus the two-level

nested Beta process (nBP) can be formally defined as:

B ∼ BeP

(
∞∑

k=1

p∗kδB∗

k

)

B∗
k =

∞∑

j=1

pkjδθkj (2.20)

where the weights{p∗k} and {pkj} are defined as in Equation (2.13). The intuition

behind the nested BP is similar to what has been discussed fornDP. More specifically,

the two-level nBP defined in Equation (2.20) is the beta process over an infinite set of

atoms, each of which is itself the beta process,B∗
k. In resemblance to nDP, a finite

number of beta processes are selected among an infinite set ofbeta processes,{B∗
K}.

However, the draw from Bernoulli process,B, will be a finite collection of components,

as opposed to nDP, where the draw from DP,G consists of only a single component.

The nBP can also be extended to an arbitrary number of levels.

An extension of IBP to nIBP can also be obtained using the samedefinition of

nCRP. The idea of nIBP can described using the Indian buffet metaphor. Customers

visit a city in which there is an infinite number of Indian buffet restaurants. For each

restaurant, each of dishes is uniquely provided by another restaurant. Assume that

there is a single restaurant that does not provide its dish toany other restaurant. Thus
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Figure 2.2– The graph and binary matrices generated by the nIBP

this restaurant will correspond to the root of the tree. The customer starts at the first

restaurant choosing some number of dishes. Associated witheach dish is a note indi-

cating which restaurant it comes from. After trying the chosen dishes, on the next day,

the same customer goes to the restaurants that supply the dishes he has chosen. He

chooses the dishes and repeats this process forever. Subsequent customers enter the

first restaurant and follow the same process as the previous customers.

Figure 2.2 illustrates the nested Indian buffet restaurantprocess with 3 customers.

The figure shows the tree constructed from the nIBP and the corresponding binary

matrices generated at each level of the tree. The dishes are denoted as nodes in the tree,

although they can also be interpreted as the Indian restaurants. According to this, the

root node of the tree has no significant role. The numbers nextto each node indicate the

customers that have chosen the dishes. The first customer enters the restaurant at the

root node choosing dishesA, B, andC. Therefore, the entries in the first row of the top

binary matrix will be active. The customer then proceeds to the next level and choose

more sets of dishes based on the dishes from the first level. FromA, the dishesD and

E are chosen by the first customer. FromC, the customer selects the dishesG andH.

Thus the entries in the lower-level binary matrices according to the first customer and

the chosen dishes will be active as illustrated in the figure.Note that the third row of

the second lower-level binary matrices is empty as the thirdcustomer does not choose

dishC.

The previous example of the nIBP indicates that the customers can choose multiple

paths down the tree. This is the key difference between nCRP and nIBP. Although both

processes can be used to define the distribution over trees with infinite branching factors
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Figure 2.3 – the distribution over paths (left) and sub-trees (right) defined by nCRP and

nIBP for a fixed tree

and infinite depth, for a fixed tree, the nCRP induces the distribution over all possible

paths down the tree, whereas the nIBP induces the distribution over all possible sub-

trees. This difference is illustrated in Figure 2.3. Note that paths are also contained in

a set of sub-trees. Thus which model is more appropriate depends on the choice of the

applications.

It is also worth mentioning the interpretation of parameters in the nIBP. Recall

that the average number of features per object and the overall number of features are

characterised byα andβ, respectively. Denote by{αij, βij} the parameters of the

IBPs at thei-th level of nIBP for i = 1, ...,∞ and j = 1, ..., Pi, wherePi is the

number of IBPs at thei-th level. At a particular node in the tree,αij andβij define the

average branching factors per object and the overall branching factors. Consider when

αij andβij are drawn from a common distribution with meansα andβ, respectively.

The variances are assumed very small, such that all draws from the distributions are

roughly equal. Therefore, the roles of{αij, βij} can be discussed usingα andβ.

Assume that parameters{αij , βij} of the nIBP are obtained throughα andβ. The

average branching factors of trees drawn from this nIBP isα. If N trees are drawn from

this distribution, the values ofβ control the overlap among these trees. At small values

of β, the trees tend to overlap, that is, they share a high number of paths down the

tree. Conversely, at high values ofβ there is a high degree of feature repulsion for the

IBP associated with each node, with the probability of two trees sharing the same path

being low. Note thatα andβ are used only to simplify the analysis. It is also possible

to define the distribution over{αij , βij} separately for each level, or even for each node,

in the tree. In which case, the average branching factors andthe probability of two trees

sharing the same path will be different at each level and eachnode depending on the
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Figure 2.4– The trees sampled from nIBP with different values of{αij , βij}

values ofαij andβij, respectively. How to choose appropriate strategy for allocating

the distributions over{αij, βij} depends on the applications.

To illustrate effects of nIBP parameters, several samples from nIBP are generated

with different parameter settings. The trees induced by these samples are depicted in

Figure 2.4. A straightforward generative model is used as follows. Firstly, drawα11

andβ11 from the priors and then draw a binary matrixZ11 from the IBP with these pa-

rameters. Secondly, for each column ofZ11, a new binary matrix is drawn from the IBP

with parameters drawn from their priors. That is, ifZ11 hasM columns, drawM binary

matricesZ21, ...,Z2M independently from IBP. Then each column of the new matrices

is treated as a root node of the sub-trees, which will be generated by the repetition of

these steps. In this example, the process is stopped at the predefined depth of the tree.

Despite, this generative process requires a great amount ofcomputation, as the number

of nodes grows exponentially with respect to the depth of thetree. Therefore, it is of

interest to find an alternative way to sample from the nIBP efficiently and compare this

process with some existing stochastic processes such as thebranching process.

For each sample from the nIBP, the common priors are defined over {αij} and

{βij}. These parameters are drawn from the Gamma distributions with different shape

and scale parameters, as shown in Figure 2.5. Forα, the scale parameter is fixed at

θ = 0.3 and vary the values of shape parameterk, while the shape parameter is fixed

at 1 and the scale parameter varies forβ. The maximum depth of all samples is 2 and
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Figure 2.5 – The different distributions overα andβ, which are drawn from the gamma

distribution with shape parameters ink and scale parameters inθ

N = 5. Therefore, each tree shown in Figure 2.4 will consist of 5 overlapping sub-trees.

For each distribution overα andβ, 6 trees are generated, resulting in a total of 54 trees.

As shown in Figure 2.4, diverse tree structures can be observed. However, iden-

tical tree structures can also be observed in this set of samples. Recall thatα andβ

affect the average number of features per object and the overall number of features,

respectively. Consider whenθβ = 1 andkα = 2, 4, 6 in which the Gamma distribu-

tion with high value ofkα tends to concentrate more on largerα. With large values of

α, the sampled tree tends to have a high branching factor, as illustrated in Figure 2.4.

Changingθβ also affects the branching factor of the samples sinceβ can be interpreted

as the degree of features shared between objects. With smallβ, a number of features

are shared among all objects, so the branching factor is approximatelyα. However, for

large values ofβ, the overall number of features is increased to preserve theaverage

number of features atα. These cases are illustrated in Figure 2.4 when the values ofθβ

vary.

To the best of our knowledge, although some applications of nCRP have already

been proven successful, there are still no concrete applications of the nIBP. In Chapter

3, an extension of the ISA using the two-level nIBP is proposed.



Chapter 3

Infinite Independent Subspace

Analysis

This chapter discusses the Independent Component Analysis(ICA) and Independent

Subspace Analysis (ISA). The proposed nonparametric models of ISA, which is called

the infinite Independent Subspace Analysis (iISA), using the nIBP is also introduced.

The chapter begins with an introduction of the basic ICA model and related works. A

natural extension of ICA is then proposed in the following section. In this chapter,

ongoing theoretical researches and applications of ISA, aswell as its limitations, are

reviewed. To overcome these limitations, we propose the nonparametric ISA model,

which offers more flexibility in learning the hidden structures in the data and can there-

fore be applied in a wider range of applications.

3.1 Independent component analysis

ICA has been extensively studies for decades (Comon, 1994; Jutten and Herault, 1991).

It is one of the most widely used methods for performing blindsource separation (BSS),

which aims to recover unknown independent signals from observed linear superposition

of them. For example, consider the cocktail-party problem in which you are at a party

with a number of people. There are several microphones in different locations in this

party that are used to record the conversations among these people. Given the recorded

signals from these microphones, you are interested in extracting the speech signals

emitted by individual speakers or identifying the speech signals of particular speakers.

The recorded time signals from the microphones can be denoted by xi(t), wherei =

1, ..., N and the speech signals of each speaker bysj(t), wherej = 1, ..., K. In this
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case, there areN microphones andK speakers. Each of these recorded signalsxi(t)

can be expressed as a linear combination of speech signalssj(t) that can be written as

a linear equation:

xi(t) = ai1s1(t) + ai2s2(t) + ... + aiKsK(t) , (3.1)

whereai1, ..., aiK are the coefficients. The goal of BSS is to recover the signalssj and

the coefficientaij .

Although the statistical properties of source signals are unknown, it has been

shown that the assumptions of statistical independence andnongaussianity of source

signals suffice for most practical applications. Under these conditions, the source sig-

nals can be recovered up to a permutation, scales, and signs.ICA has been proven

successful in many applications, including separating artifacts in MEG data, finding

hidden factors in financial data, reducing noise in natural images, and inferring gene

signatures from the gene expression data. There is, however, very little knowledge on

mixing matrix and assumptions on the source signals need to be made.

The general assumption of ICA is that the observed datayt can be written in terms

of a linear superposition of independent hidden sources,xt as

yt = xtA+ ǫt (3.2)

whereA is the mixing matrix andǫt is Gaussian noise. Note that only the random

vectoryt is observed and bothxt andA must be estimated from the data.

The most important assumption regarding the hidden sourcesin ICA is that they

are mutually independent. That is,N random variablesx1, ..., xN are said to be mutu-

ally independent if and only if the joint pdf can be factorised into the following way:

p(x1, ..., xN) =
N∏

i=1

p(xi) (3.3)

Another form of independence is uncorrelatedness. Two variables are said to be uncor-

related if their covariance is zero. If the variables are independent, they are uncorrelated,

but not vice versa. Due to this property, many ICA algorithmsconstrain the estimation

procedure to give uncorrelated estimates of the independent components. Moreover,

the data is usually preprocessed to remove any correlation in the data before the appli-

cation of the ICA algorithms. Thus, in the noiseless case, wewant to find thedemixing
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matrixW such that

xt = ytW (3.4)

gives the components that are maximally mutually independent. In this situation, it was

shown by Comon that the mixing matrixA is identifiable up to scaling and permutation

if at most one source is Gaussian (Comon, 1994). Intuitively, nongaussianity of the

sources implies independence due to the Central Limit Theorem. Therefore, the sources

could be recovered by taking asW a matrix that maximize the nongaussianity ofytW.

Several quantitative measures of nongaussianity have beenused for ICA estima-

tion. The kurtosis or the fourth-order cumulant is a classical measure of nongaussianity.

Althought kurtosis is theoretically and computationally simple, it can be very sensi-

tive to outliers, and therefore not a robust measure of nongaussianity. From the per-

spective of information theory, negentropy is another important measure of nongaus-

sianity based on the differential entropy. It is known that the entropy can be used to

measure the degree of information provided by the random variables. Since a Gaus-

sian variable has the largest entropy among all random variables of equal variance

(Cover and Thomas, 1991), the entropy can be used as a measureof nongaussianity.

Negentropy is the differential entropy of a componentxt, minus the differential entropy

of a Gaussian component with the same covariance. Thus, it isalways positive and zero

only if the component is Gaussian. Negentropy is a stable estimate (Hyvärinen, 1999b)

but difficult to calculate. Therefore, the ICA estimation isoften based on an approxima-

tion of negentropy. In addition to the kurtosis and negentropy, the independent sources

can be recovered by minimizing the mutual information, which can be defined using

the differential entropy. It is a measure of dependency between random variables. It can

be shown that finding the independent sources by minimizing the mutual information

is roughly equivalent to maximizing the negentropy (Hyvärinen, 1999b).

Another important approach to ICA estimation is themaximum likelihood

(Belouchrani and Cardoso, 1995; Karvanen et al., 2000; Pham, 1992). In this frame-

work, one begins with the probabilistic model which assignsa probability density

p({xi}|W) to the data set{xi} (See, e.g., Pham (1992)). Then we find the demix-

ing matrix by maximizingp({xi}|W) with respect toW using standard approaches

in optimization, e.g., stochastic gradient descent (Pearlmutter and Parra, 1997).

The maximum likelihood method was shown to have close connections to sev-
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eral methods in ICA estimation. For example, several works (Cardoso, 1997;

Pearlmutter and Parra, 1997) have shown that the maximum likelihood method is equiv-

alent to the infomax principle from the neural network viewpoint (Bell. and Sejnowski, 1995)

as well as the mutual information.

3.2 Independent subspace analysis

The important assumption of ICA is that all hidden sources are mutually independent

which may not be true for some real-world applications. Thisassumption prevents

the model from recovering the sources that are dependent on one another. Instead,

in Independent Subspace Analysis (ISA) the assumption is that there areM of D-

dimensional independent sources denoted byx1, ...,xM wherexi ∈ R
D. If all hidden

sources are written asx = [(x1), ..., (xM)] ∈ R
DM , the observed data is assumed to be

generated from the generative model identical to ICA shown in Equation (3.2), where

A ∈ R
DM×DM . In the ISA model, we assume thatxi is independent ofxj for i 6= j.

Note that the dimensionalityD of eachxi need not be equal. If the dimensionalities

of M independent sourcesx1, ...,xM areD1, ..., DM , respectively, all hidden sources

can be represented asx ∈ R
D∗

, whereD∗ = D1 + · · ·+DM . For the special case of

Di = 1 for all i, the ICA problem is recovered.

In the ICA problem, given signalsyt, the sourcesxi
t can be recovered only up to

sign, up to arbitrary scaling factors, and up to an arbitrarypermutation (Theis, 2004).

The ISA task has even more freedom, the sourcesxi
t can be recovered up to an arbitrary

permutation and anD-dimensional linear invertible transformation. This can be seen

by considering matrixC ∈ R
DM×DM made of a permutation matrix of sizeD × D

with each element made ofM ×M block-matrix with invertibleCi blocks places only

to the non-zero elements of the permutation matrix. Then,y = xA = xC−1CA, and

becausexi is independent ofxj , thusCix
i is independent ofCjx

j ∀i 6= j. Therefore,

in the ISA model, matricesA andAC−1 and sourcesxi andCix
i are indistinguishable.

The first generalization of the ICA model includes the dependencies between com-

ponents known as multidimensional ICA (MICA) has been introduced by Cardoso

(Cardoso, 1998) based on a geometric parameterization. Although providing the gen-

eral framework for the ISA model, no uniqueness results werepresented. Moreover, it

is not clear how to apply MICA to the arbitrary random vectors. In a special case of
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equal group sizes (k-ISA), the uniqueness up to permutationand scaling is not guaran-

teed as it is limited to only random vectors following the generative model of k-ISA. For

an arbitrary random vector, the decomposition into groups based on the independence

assumption cannot be unique. Later the notion ofirreducibility is presented on which

the uniqueness results (Gutch and Theis, 2007; Theis, 2006)are based in the case of k-

ISA. The combination of k-ISA with invariant feature subspace analysis is introduced

in Hyvärinen and Hoyer (2000). The dependence with a subspace can be modelled

explicitly, leading to an efficient algorithm without performing the problematic multidi-

mensional density estimation. Bach and Jordan (2003) introduce the ISA model, which

assumes that the components can be grouped into clusters. The components within clus-

ter are dependent, whereas are independent between clusters. The ISA mode utilizing

the k-nearest neighbor distance between data points (Póczos and Lörincz, 2005) finds

the dependent components by estimating the differential entropies.

3.3 Infinite independent component analysis

A nonparametric Bayesian extension of ICA is proposed by Knowles and Ghahramani (2007).

The observed data is modelled by a linear superposition,A, of the potentially infinite

number of hidden sources. The infinite binary matrix is used to indicate whether a

given source is active. In infinite Independent Component Analysis (iICA), for each

data pointt, a binary vectorzt is defined to indicate which elements ofxt are active.

Using the same formula of standard ICA in Equation (3.2), theobserved dataY is

assumed to be generated as follows:

Y = (Z ◦X)A+ E (3.5)

where◦ is the Hadamard, i.e., elementwise product, andY, Z, X, andE are concate-

nated matrices ofyt, zt, xt, andǫt, respectively. Note that the data points are arranged

in the rowwise manner. In this model, the number of hidden sources is potentially un-

bounded, so the number of columns ofZ can be infinite. However, the actual number of

non-zero entries will be finite. This allows greater flexibility as the number of sources

need not be known a priori, but will be inferred from the observed data.

In this model, the hidden sourcesxt has a Laplacian prior with fixed variance as

any variation can be absorbed into elements of mixing matrixA. The prior of the
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t = 1, ..., N

σA A yt

xt

zt

ǫt σǫ

α

β

Figure 3.1– The graphical model of iICA model

elements ofA is Gaussian with varianceσ2
A, which has an inverse Gamma prior. The

prior on binary matrixZ is the IBP with parametersα andβ. The graphical model of

iICA is shown in Figure 3.1. The generative model can be summarized below.

xtk ∼L(1) Z ∼ IBP(α, β)
ak ∼N (0, σ2

A) σ2
ǫ ∼ IG(a, b)

σ2
A ∼ IG(c, d) α ∼ G(e, f)

The iICA model is implemented in this thesis to evaluate its performance and to

gain insight that may be useful for developing the iISA model. The iICA and iISA

models have various shared properties as discussed in Section 3.4.

3.4 Independent subspace analysis using nested IBP

We propose an extension of the ISA model calledinfinite ISAwhich is based on the

iICA model. Using two-level nIBP, the proposed model can be used to recover the

hidden sources that are not mutually independent. LetJ be the number of subspaces,

and denote byKj andK =
∑

j Kj the dimension of subspacej for j = 1, ..., J , and the

total number of sources, respectively. Given a set of i.i.d observed data points{yt}Nt=1

whereyt ∈ R
D, we assume each data point is generated according to the infinite ISA

(iISA) model as follows:
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• For each subspacej = 1, ..., J

– sampleωj ∼ Beta(αβ
J
, β)

– for each sourcek = 1, ..., Kj: sampleπjk ∼ Beta(
αjβj

Kj
, βj)

• For each rowk = 1, ..., K: sampleak ∼ N (0, σ2
AI)

• For each data pointyt, t = 1, ..., N

– sampleut ∼ Bernoulli(ω)

– for each active subspaceutj = 1:

∗ samplevtj ∼ Uniform(0, 1)

∗ sampleztj ∼ Bernoulli(πj)

∗ for each active sourceztjk, k = 1, ..., Kj: samplextjk ∼ L(1)

– sampleǫt ∼ N (0, σ2
ǫ I)

– yt =
∑J

j=1 utjvtj [(ztj ◦ xtj)Aj] + ǫt

whereAj is theKj ×D mixing matrix andxtj is the1 ×Kj vector of hidden source

signals in subspacej. In this generative model, the vectorut acts as a binary vector in-

dicating which subspaces are active for the data pointyt. The binary vectorztj specifies

which source signals are active for active subspacej.

LetU be the binary matrix with an infinite number of columns created by stacking

the binary vectorut. Although the number of columns ofU is potentially unbounded,

the IBP guarantees that the actual number of columns will be finite. Therefore, the

number of subspacesJ for a given data set is the actual number of columns ofU.

Similarly, for each subspacej = 1, ..., J , letZj be a binary matrix created by stacking

the vectorztj for data pointt. If the subspacej for data pointt is not active, thet-th

row of Zj is assumed to be zero. Thus, the number of active columns ofZj can be

interpreted as a dimension of subspacej.

Due to the nesting strategy, some source signals can be dependent through the def-

inition of subspaces, i.e., source signals in the same subspace are dependent, whereas

those in the distinct subspaces are mutually independent. The source signals become

dependent through the uniformly distributed variablevt. Therefore, the assumption of

independence is imposed on subspaces rather than on individual source signals. Fur-

thermore, by allowing the number of subspaces and their dimensions to be unbounded



3.4. Independent subspace analysis using nested IBP 29

...

...

xt

A1 A3

y2 y3 yD]yt [y1

Figure 3.2– The neural network view of the iISA

through the IBPs, the proposed model automatically find the appropriate number of

subspaces and their dimensions for the given data set.

According to the iISA model, an entry to the hidden source signal is assumed to

be drawn from the double exponential distributionL(1) = 1
2
exp(−|x|) and each row

of mixing matrixA is assumed to be drawn from an isotropic Gaussian distribution.

Here, define the1 ×K vectorst as a block-binary vector whose values in each block

are dictated byut. To be precise, the definition ofst can be illustrated as:

st = {11...1︸ ︷︷ ︸

K1

00...0
︸ ︷︷ ︸

K2

... 11...1
︸ ︷︷ ︸

KJ

} (3.6)

Blocks inst correspond to the subspaces. All entries in blockj are 1 if subspace

j is active and 0 otherwise. From Equation (3.6), the subspaces 1 andJ are active,

whereas subspace 2 is inactive. We also define the vectorqt to have the same structure

as st, but its entries are instead dictated by the entries of vector vt. This variable

renders the sources in each subspace to be dependent. Moreover, other relevant objects

are defined as follows:

zt = [zt1...ztJ ], xt = [xt1...xtJ ], A =








A1

...

AJ








(3.7)

Figure 3.2 illustrates the neural network view of the proposed model. The ob-

served datayt is a linear superposition,A, of the potentially infinite number of hidden

sources. In contrast to the iICA model, the assumption in theiISA model is that the hid-
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αj βj

ǫt

σA

Aσǫ

α β

zt vt

yt ztj

j = 1, ..., J

t = 1, ..., N

xt

Figure 3.3– The graphical model for the finite version of iISA model

den sources are separated into several groups, each of whichis composed of dependent

sources. The groups can be thought of as the subspaces spanned by hidden sources.

Thus, the iISA model is essentially the ISA algorithms that is capable of recovering the

dependent hidden sources where the number of subspaces and the number of hidden

sources are unbounded.

For the first componenty1 illustrated in Figure 3.2, the first and second subspaces

are active, which is specified by the upper-level IBP. Then the active sources in each

subspace are specified by the lower-level IBPs. Although themixing matrix can be

partitioned into submatrices according to the subspaces, we assume the identical prior

on these submatrices. For inactive subspaces, e.g., secondand third ones in the figure,

the sources in those subspaces have no influence on the observed componenty1.

Using the definitions in Equation (3.7), we can write the generative process of

observed data asyt = (st ◦qt ◦ zt ◦xt)A+ ǫt, which can be written in the matrix form

as

Y = (S ◦Q ◦ Z ◦X)A+ E (3.8)

whereY,S,Q,Z,X, andE are concatenated matrices ofyt, st,qt, zt,xt, andǫt, re-

spectively. The graphical model of iISA is depicted in Figure 3.3. Since the value

of hyperparameters are not known a priori, we endow them withprior distributions
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defined below:
σ2
ǫ ∼IG(a, b) σ2

A ∼ IG(c, d)
α ∼G(e, f) αj ∼ G(g, h)

Another important point to note about the iISA model is the maximality of the

decomposition (Cardoso, 1998). Assume that the hidden sourcesx can be decomposed

into three groups{x1,x2,x3}. Then, according to the definition of iISA model, the

coarser decomposition in two groups{x1+x2,x3} is also feasible. However, the latter

decomposition is weaker than the former as the first group in the second case can be

further decomposed. Therefore, to avoid trivialities, iISA model should be able to find

the finest decomposition, i.e., find as many independent subspaces as possible.



Chapter 4

Inference

This chapter presents the inference algorithm for the proposed iISA model. The con-

ditional probability of each variable in the model is derived for inference using Gibbs

sampling. The MCMC sampling method based on the Metropolis-Hasting update is

also introduced for sampling the active subspace, updatingthe number of sources in

the subspaces, and updating the number of subspaces. Lastly, all relevant parameters

that are important for the inference algorithm to be successful are summarised.

4.1 Likelihood

From the iISA model, we haveyt = (st ◦ qt ◦ zt ◦ xt)A + ǫt, whereǫt is a Gaussian

noise. Letgt be the result of elementwise products of all relevant quantities, i.e.,gt =

st ◦ qt ◦ zt ◦ xt. Hence, the likelihood function for a single data pointyt is

P (yt|A, st,qt, zt,xt, σ
2
ǫ ) = N (yt; gtA, σ2

ǫ I)

=
1√
2πσǫ

exp

{

− 1

2σ2
ǫ

(yt − gtA)(yt − gtA)T

}

(4.1)

GivenN i.i.d data points{yt}Nt=1, the likelihood function for the whole data set is

P (Y|A,S,Q,Z,X) =
N∏

t=1

P (yt|A, st,qt, zt,xt)

=
1

(2πσ2
ǫ )

ND
2

exp

{

− 1

2σ2
ǫ

tr(Y −GA)(Y −GA)T

}

(4.2)

whereG is the concatenated matrix ofgt.
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4.2 The hidden sourcext

The conditional probability distribution for entries inX is derived. Because the entries

in xt are partitioned into blocks according to the subspaces and they have the same form

of conditional distribution, the conditional probabilitywill be derived based on a single

subspace. However, this result also applies to the entries of xt in other subspaces. For

subspacej, we sample each element ofxt for whichstjk = 1 andztjk = 1. Denote the

k-th row ofAj by ajk. Since the prior onxtjk is Laplace distribution, the conditional

probability ofxtjk given all other variables is the piecewise Gaussian distribution given

by

P (xtjk|A, st,qt, zt,xtj¬k) =







Υ+

Ω
N (xtjk;µ+, σ) if xtjk > 0

Υ−

Ω
N (xtjk;µ−, σ) if xtjk < 0

(4.3)

where the meansµ+, µ− and varianceσ2 can be defined as follows:

µ+ =
ajkǫ

T

tj¬k − σ2
ǫ

ajka
T

jk

, µ− =
ajkǫ

T

tj¬k + σ2
ǫ

ajka
T

jk

, σ2 =
σ2
ǫ

ajka
T

jk

(4.4)

This distribution is guaranteed to be continuous by the choice ofΥ+ andΥ− and to be

correctly normalized by the choice ofΩ.

Υ+ = N (0;µ−, σ) (4.5)

Υ− = N (0;µ+, σ) (4.6)

Ω = Ω−Υ− + Ω+Υ+ (4.7)

whereΩ− = F (0;µ−, σ) andΩ+ = 1−F (0;µ+, σ). To sample the hidden sources, we

use the technique described in Knowles and Ghahramani (2007).

4.3 The source dependencyvt

As defined above, the block vectorqt is contructed from the vectorvt whose entries are

uniformly distributed. These variables render the source signals in the same subspace

to be dependent. For each subspacej, we samplevtj from the conditional distribution

given all other variables withutj = 1. Since each element invt is tied to multiple

entries inqt, we define the following notations. Letqtj: be thej-th block ofqt andxtj:,

ztj:, andstj: be the corresponding blocks ofxt, zt, andst, respectively. Given the cur-

rent values of all other variables, the conditional probability of the source dependency
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qtj: can be written as follows:

P (qtj:|A,xt, zt, st,qt¬(j:)) ∝ P (yt|A,xt, zt, st,qt, σ
2
ǫ )P (qtj:|qt¬(j:))

∝ P (yt|A,xt, zt, st,qt, σ
2
ǫ )I{0<qtj:<1} (4.8)

The Equation (4.8) follows from the fact that the prior ofvtj is the standard uniform

distribution. Replacingqtj: with vtj , the conditional probability ofvtj can be written as

P (vtj |A,xt, zt, st,vt¬j) ∝ N (vtj;µv, σ
2
v)I{0<vtj<1} (4.9)

which is a two-sided truncated normal distribution with mean µv and varianceσ2
v de-

fined as follows.

µv =
(ztj: ◦ xtj:)Ajǫ

T

t¬(j:)

(ztj: ◦ xtj:)AjA
T

j (ztj: ◦ xtj:)T
, σ2

v =
σ2
ǫ

(ztj: ◦ xtj:)AjA
T

j (ztj: ◦ xtj:)T
(4.10)

To generate samples from two-sided truncated normal distribution, we use the following

method given that we know the cumulative distribution function F (·) and the inverse

error functionerf−1(·).

φl = F

(
(a− µv)

σv
; 0, 1

)

, φr = F

(
(b− µv)

σv
; 0, 1

)

(4.11)

v = µv + σv

(√
2erf−1(2(φl + (φr − φl)w)− 1)

)

(4.12)

wherea andb are the lower and upper truncation points, respectively, andw is a sample

fromUniform(a, b).

4.4 The mixing matrix A

From Bayes’ rule, the conditional probability distribution of each rowak of mixing

matrixA can be written as

P (ak|A¬k,X,Y,Z,S,Q, σ2
ǫ , σ

2
A) ∝ P (Y|A,X,Z,S,Q, σ2

ǫ )P (ak|σ2
A) (4.13)

Let E¬k be the error matrixE = Y − (S ◦Q ◦ Z ◦X)A evaluated withak = 0 and

denote thek-th column of(S◦Q◦Z◦X) bygT

k . Following the derivation in Appendix

B, the conditional distribution of each row of the mixing matrix given other variables

is GaussianN (µ,Λ) with mean and variance defined as

µ =
σ2
A

gkg
T

k σ
2
A + σ2

ǫ

ET

¬kg
T

k (4.14)

Λ =

(
gkg

T

k

σ2
ǫ

+
1

σ2
A

)

ID×D (4.15)
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...

... Lower−layer IBPs

Upper−layer IBP

Figure 4.1– The relation of binary matrices in the two-level nested IBP

4.5 The noise variance

The conditional distribution ofσ2
ǫ can be obtained using Bayes’s rule as follows:

P (σ2
ǫ |E, a, b) ∝ P (E|σ2

ǫ )P (σ2
ǫ |a, b)

∝ IG(σ2
ǫ ; a+

ND

2
,

b

1 + b
2
tr(EET)

) (4.16)

The detailed derivation ofP (σ2
ǫ |E, a, b) can be found in Appendix B.

4.6 The mixing matrix variance

The conditional probability distribution ofσ2
A can also be obtained using Bayes’ rule

as follows:

P (σ2
A|A, c, d) ∝ P (A|σ2

A)P (σ2
A|c, d)

∝ IG(σ2
A; c+

DK

2
,

d

1 + d
2
tr(AAT)

) (4.17)

For the detailed derivation ofP (σ2
A|A, c, d), please see Appendix B.

4.7 Active sources

In this section, we consider a conditional probability of the active source in a particular

subspace. The lower-level IBPs separately specify which sources are active in each

subspace for a particular data point. Therefore, the numberof lower-level IBPs is

equal to the number of subspaces, which is specified by the upper-level IBP. Figure

4.1 illustrates these relations in the two-level nIBP in which each column in the upper-

level IBP corresponds to a lower-level IBP. Although the conditional probabilities of
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ztjk for all lower-level IBPs are identical, they still depend onthe sources in other

subspaces. To sampleZj , we define the ratio of the conditionalsr such thatP (ztjk =

1|A,X¬(tjk),Y,Z¬(tjk)) = r/(r + 1).

r =
P (ztjk = 1|A,X¬(tjk),Y,Z¬(tjk))

P (ztjk = 0|A,X¬(tjk),Y,Z¬(tjk))
(4.18)

=
P (yt|A,xtj¬k, ztj¬k, ztjk = 1, σ2

ǫ )P (ztjk = 1|ztj¬k)
P (yt|A,xtj¬k, ztj¬k, ztjk = 0, σ2

ǫ )P (ztjk = 0|ztj¬k)
(4.19)

From the IBP prior, the ratio of priors is

P (ztjk = 1|ztj¬k)
P (ztjk = 0|ztj¬k)

=
m¬tjk/(βj +N − 1)

1−m¬tjk/(βj +N − 1)
=

m¬tjk

βj +N − 1−m¬tjk

(4.20)

wherem¬tjk is the number of rows ofZj other thant that are active at columnk. To

compute the ratio of likelihoods, we start by finding the likelihood withztjk = 0, which

is

P (yt|A,xtj¬k, ztj¬k, ztjk = 0) =
1

(2πσ2
ǫ )

D
2

exp

(

−
ǫtj¬kǫ

T

tj¬k

2σ2
ǫ

)

(4.21)

whereǫtj¬k is the error vectorǫt evaluated withztjk = 0. If ztjk = 1, we must integrate

over all possible values ofxtjk to find the corresponding likelihood as follows:

P (yt|A,xtj¬k, ztj¬k, ztjk = 1, σ2
ǫ ) =

∫

P (yt|A,xtj, ztj¬k, ztjk = 1, σ2
ǫ )P (xtjk)dxtjk

(4.22)

After completing the square, the ratio of likelihoods is

σ

√
π

2

[

F (0;µ+, σ) exp

(
µ2
+

2σ2

)

+ (1− F (0;µ−, σ)) exp

(
µ2
−

2σ2

)]

(4.23)

whereF (0;µ+, σ) =
∫ 0

−∞
N (xtjk;µ+, σ)dxtjk andF (0;µ−, σ) =

∫ 0

−∞
N (xtjk;µ−, σ)dxtjk

are the cumulative distribution functions of Gaussian distribution with mean and vari-

ance defined in Equation (B.4).

4.8 Active subspaces

The matrixS specifies the active sources based on active subspaces whichis determined

by the matrixU. Recall that each row ofS is the block vector in which each block

corresponds to a subspace. All the values in the corresponding block will be 1 for the

active subspace and 0 otherwise. That is, for a particular data point, if the subspace

is not active, all sources in that subspace will not be used. On the other hand, if the
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subspace is active, the matrixZ further indicates which sources are used by the data

point.

In contrast to the case of lower-level IBPs, the conditionalprobability ofU be-

comes more complicated to derive as it involves integratingout the sparse binary vec-

tor ztj: which cannot be done exactly due to its combinatorial nature. Therefore, some

approximation techniques are needed to be employed. Additionally, the Gibbs sam-

pler will need to operate in a very high dimensional space dueto the nested structure

of the iISA model, leading to a very slow mixing time. To resolve these problems,

we propose the MCMC method to sample the active subspace variablesutj. This pro-

posed MCMC algorithm is based on the split-merge MCMC algorithm for the Dirichlet

process mixture model (Jain and Neal, 2000). The split-merge method is based on the

Metropolis-Hastings procedure in which appropriate proposals and transition probabil-

ities are obtained by conducting the restricted Gibbs sampling scans.

We begin by discussing the basic idea of Metropolis-Hastings updates

(Hastings, 1970; Metropolis et al., 1953). Assume that we want to generate a sequence

of random samples from the probability distribution with density π(x). A direct sam-

pling fromπ(x) is difficult, but we are able to evaluate the density given samples. The

Metropolis-Hasting algorithm first draws a proposed statex∗ from a proposal density

q(x∗|x), which depends on the current state. The new statex∗ is accepted with the

probability

rx→x∗ = min

[

1,
q(x|x∗)

q(x∗|x)
π(x∗)

π(x)

]

(4.24)

and the next state is set to this proposed state. Otherwise, the current state is retained

x∗ = x.

To sample the binary-valued variableutj , we use the Metropolis-Hasting step to

propose a change to this variable. That is, if the current state isutj = 0, the proposal

state will beutj = 1 and vice versa. As each variableutj corresponds to a single

lower-level IBP, the proposal distribution of the Metropolis-Hasting step is constructed

by conducting several intermediate restricted Gibbs sampling scans on this lower-level

IBP. For each subspace indicator variableutj, the proposal state is defined as follows:

κ = {utj, vtj , ztj:,xtj:} (4.25)

which is composed of all variables associated with the subspacej. Note that there
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are two possibilities in proposing the new value for the variableutj . That is, we can

turn the value ofutj eitheron or off depending on its current value. We denote these

proposal states byκon andκoff accordingly. When updating the state proposalκ to κ∗,

the Metropolis-Hasting acceptance probability takes the following form:

rκ→κ
∗ = min

[

1,
q(κ|κ∗)

q(κ∗|κ)
π(κ∗)

π(κ)

]

(4.26)

whereκ∗ is eitherκon or κoff depending on the type of proposal. The steps in comput-

ing the Metropolis-Hasting acceptance probability are described below.

Turn on the subspaceκon

If the current state isutj = 0, i.e., the subspacej is inactive, the proposed state

is κon = {utj = 1, v∗tj, z
∗
tj:,x

∗
tj:}. The current values ofvtj , ztj:, andxtj: are

neglected becauseutj = 0 so they do not affect the data. Define thelaunch

state, κ0, that will be used to compute the Gibbs sampling transition probabili-

ties. To compute the Metropolis-Hastings transition probability, we perform the

following steps:

1. Setutj = 1 and initializevtj , ztj:, andxtj: from their priors (i.e., conditional

probabilities given all other variables exceptvtj , ztj:, andxtj:). This is the

launch stateκ0.

2. Modify the launch stateκ0 by performingM intermediate restricted Gibbs

sampling scans.

3. Given the launch stateκ0, we compute the value ofvtj , ztj:, andxtj: by

conducting one final Gibbs sampling scan. The final values of the variables

constitute the proposed stateκon.

4. Calculate the transition probabilityq(κon|κ) by computing the Gibbs sam-

pling transition probability from the launch stateκ0 to the final proposed

stateκon. It is the product of the probabilities of settingvtj , ztj: andxtj: in

the launch state to the final values in the proposed state.

5. To compute the reverse proposalq(κ|κon), we can see that if we setutj to

be zero, the correspondingvtj , ztj: andxtj: will have no effect on the data.

Thus, there is only one way to changeutj from 1 to 0, soq(κ|κon) = 1.

6. Calculate the Metropolis-Hastings acceptance probability. If the proposed
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state is accepted, we setutj = 1 and setκon to be the next state. Otherwise,

the current state is retained.

Turn off the subspaceκoff

If the current state isutj = 1, we propose to change its value in the same manner

as the previous case. The proposed state can be similarly defined asκoff = {utj =

0, v∗tj, z
∗
tj:,x

∗
tj:}. In contrast, the current values of the variablesvtj , ztj:, andxtj:

must also be considered. The sampling method in this case canbe described as

follows:

1. Setutj = 0 and store the current values ofvtj , ztj:, andxtj:.

2. Initialize vtj , ztj:, andxtj: from their priors and assign them to the launch

stateκ0.

3. Modify the launch stateκ0 by performingM intermediate restricted Gibbs

sampling scans.

4. Calculate the reverse transition probabilityq(κ|κoff) by computing the

Gibbs sampling transition probability from the launch stateκ0 to the orig-

inal state. That is, we need to calculate the probability of generating the

original values ofvtj , ztj:, andxtj: from the launch state.

5. The transition probabilityq(κoff |κ) is 1.

6. Calculate the Metropolis-Hastings acceptance probability. If the proposed

state is accepted, we setutj = 0 and generate the next stateκoff from their

priors. Otherwise, the current state is retained.

The posterior distribution,π(κ), in Equation (4.26) can be expanded into a product

of the prior,P (κ), and the likelihood,P (yt|κ). The prior distribution,P (κ), will be a

product over variables inκ, which yields the following prior distribution.

P (κ) = P (utj)P (vtj)
∏

ztjk=0

P (ztjk)
∏

ztjk=1

P (xtjk|ztjk)P (ztjk) (4.27)

For theκon proposal, the prior distribution ratio reduces to the following:

P (κon)

P (κ)
=

P (utj = 1)

P (utj = 0)

∏

ztjk=0

P (ztjk)
∏

ztjk=1

P (xtjk|ztjk)P (ztjk)

= R¬tj

∏

ztjk=0

(1−M¬tjk)
∏

ztjk=1

M¬tjk

2
exp (−|xtjk|) (4.28)
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whereR¬tj = m¬tj/(β +N −m¬tj) andM¬tjk = m¬tjk/(βj +N − 1). Theκ is the

original state in which the variableutj = 0. Notice that only the variablesztj: andxtj:

associated with the proposed stateκon contribute to the ratio of the prior in Equation

(4.28) because whenutj = 0, these variables do not contribute to the data. Similarly,

for theκoff proposal, the prior ratio is given as

P (κoff)

P (κ)
=

P (utj = 0)

P (utj = 1)

∏

ztjk=0

1

P (ztjk)

∏

ztjk=1

1

P (xtjk|ztjk)P (ztjk)

=
1

R¬tj

∏

ztjk=0

1

1−M¬tjk

∏

ztjk=1

2

M¬tjk exp (−|xtjk|)
(4.29)

whereκ represents the original state in which the subspace is active, i.e.,utj = 1. Note

that the variablesztj: andxtj: used to evaluate the ratios in Equation (4.28) and (4.29)

are different. In Equation (4.28), the values of these variables obtained from the final

Gibbs sampling scan is used, whereas Equation (4.29) uses their original values in the

initial stateκ.

The likelihood for theκon proposal is in Equation(4.1) evaluated with the values

obtained from the final Gibbs sampling scan. In contrast, thelikelihood forκ is evalu-

ated without the values of those variables, which can therefore be written as

P (yt|κ) =
1

(2πσ2
ǫ )

D
2

exp

(

−ǫt¬jǫ
T

t¬j

2σ2
ǫ

)

(4.30)

whereǫt¬j is the erroryt − (st ◦ qt ◦ zt ◦ xt)A evaluated withutj = 0. As a result, the

likelihood ratio in the case of turning on the subspace is given as

P (yt|κon)

P (yt|κ)
= exp

(

− 1

2σ2
ǫ

(qtj: ◦ ztj: ◦ xtj:)Aj(A
T

j (qtj: ◦ ztj: ◦ xtj:)
T − 2ǫTt¬j)

)

(4.31)

Similarly, the likelihood ratio for the case of turning off the subspace can be derived as

follows:

P (yt|κoff)

P (yt|κ)
= exp

(

− 1

2σ2
ǫ

(qtj: ◦ ztj: ◦ xtj:)Aj(2ǫ
T

t¬j −AT

j (qtj: ◦ zt[j] ◦ xt[j])
T)

)

(4.32)

As in Equation (4.28) and (4.29), the values ofvtj , ztj:, andxtj: used to evaluated

the likelihood ratios in Equation (4.31) and (4.32) are obtained from the final Gibbs

sampling scan and the original state, respectively.
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Figure 4.2– Two sets of columns of binary matrixZj

4.9 Update the number of sources

To update the number of sources, the columns of binary matrixZj are partitioned into

two sets,C andD as shown in Figure 4.2. In setC, the sources are at least active

at some data points other thant. On the other hand, the sources in setD are active

only at data pointt. Moreover, this set also includes the infinite number of inactive

sources. Since they do not affect the data, the inactive sources in this set can be ignored.

Therefore, we update the number of sources by replacing the current active sources in

setD by the new sources.

Let ηt be the number of columns ofZj which contain 1 only in rowt. We pro-

pose the new sources by sampling∆t, the new number of features uniformly from

{−b,−(b−1), ...,−1, 1, ..., b−1, b} for the integerb ≥ 1. Given∆t, the proposed state

κ∗
src consisting ofx∗

t andA∗, respectively the new columns ofxt and the new rows of

A, are formed. Note that there are two possible proposed states, one in which∆t > 0

(adding sources) and another in which∆t < 0 (removing sources). These two proposal

states are denoted asκ+
src andκ−

src, respectively. Then the restricted Gibbs sampling is

performed depending on the type of the proposed state. We usethe Metropolis-Hastings

update described in Section 4.8 to decide whether or not to accept the proposed state.

The Metropolis-Hasting acceptance probability in this case takes the following form:

rκsrc→κ
∗

src
= min

[

1,
q(κsrc|κ∗

src)

q(κ∗
src|κsrc)

π(κ∗
src)

π(κsrc)

]

(4.33)

whereκ∗ is eitherκ+
src or κ−

src depending on the type of proposal. The proposed tech-

nique can then be summarized forb = 2 as follows:

1. Draw∆t uniformly from{−2,−1, 1, 2}.
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2. If ∆t > 0 then

(a) Add∆t columns to the matrixZj and set allztjk to 1 for new columns.

(b) Form the proposal stateκ+
src = {∆t,x

∗
t ,A

∗} in which x∗
t andA∗ are ini-

tialised from their conditional probabilities given othervariables. This is

the launch stateκ0
src.

(c) Modify the launch stateκ0
src by performingM intermediate restricted Gibbs

sampling scans.

(d) Given the launch stateκ0
src obtained from intermediate restricted Gibbs sam-

pling, the proposed stateκ+
src is formed by conducting one final Gibbs sam-

pling scan onx∗
t andA∗.

(e) Calculate the transition probabilityq(κ+
src|κsrc) by computing the Gibbs

sampling transition probability from the launch stateκ0
src to the final pro-

posed stateκ+
src. The Gibbs sampling transition probability is the product

of the probabilities of settingx∗
t andA∗ in the launch state to their final

values in the proposed state.

(f) To compute the reverse proposalq(κsrc|κ+
src), we can see that this is the

probability of removing∆t features from setD. As the features in setD are

chosen at random for removal, the reverse proposal is simplythe product of

the probability of picking∆t, which is1/4 and the probability of randomly

picking∆t features from the setD, which is simply1/
(
ηt
∆t

)
.

(g) Calculate the Metropolis-Hastings acceptance probability. If the proposed

state is accepted, the number of sources and corresponding variables are

updated. Otherwise, the current state is retained.

3. If ∆t < 0 then

(a) Select|∆t| columns in setD at random and store the original valuesx∗
t and

A∗ associated with the selected columns.

(b) According to the selected columns, initializex∗
t andA∗ from their condi-

tional probabilities and assign them to the launch stateκ0
src.

(c) Modify the launch stateκ0
src by performingM intermediate restricted Gibbs

sampling scans.

(d) Calculate the reverse transition probabilityq(κsrc|κ−
src) by computing the
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Gibbs sampling transition probability from the launch stateκ0
src to the orig-

inal state. That is, we need to calculate the probability of generating the

original values ofx∗
t , andA∗ from the launch state.

(e) The transition probabilityq(κ−
src|κsrc) is the probability of removing∆t

features at random, which is again1/(4
(
ηt
∆t

)
).

(f) Calculate the Metropolis-Hastings acceptance probability. If the proposed

state is accepted, we remove the selected features. Otherwise, the current

state is retained.

The posterior distribution,π(κsrc), in Equation (4.33) can be expanded into a prod-

uct of prior,P (κsrc), and the likelihoodP (yt|κsrc). The prior will be a product over

priors of the variables inκsrc. This product yields the following prior distribution

P (κsrc) = P (ηt)P (x′
t)P (A′) (4.34)

whereηt is the number of features in setD, x′
t andA′ are the elements ofxt andA

corresponding to the sources in setD. From the IBP, the prior on the number of new

featuresηt is

P (ηt|αj, βj) = Poisson

(
αjβj

βj +N − 1

)

(4.35)

The prior on each element ofx′
t and each row ofA′ are standard Laplacian1

2
exp(−|x|)

and Normal distributionN (0, σ2
AI). For theκ+

src proposal, the prior distribution ratio

reduces to the following:

P (κ+
src)

P (κsrc)
=

P (ηt +∆t)

P (ηt)

P (x∗
t )

P (x′
t)

P (A∗
j)

P (A′
j)

P (yt|κ+
src)

P (yt|κsrc)

=
P (ηt +∆t)

P (ηt)

P (yt|κ+
src)

P (yt|κsrc)

[
∆t∏

i=1

P (x+
t,i)

][
∆t∏

i=1

P (A+
j,i)

]

(4.36)

wherex∗
t andA∗

j are the elements ofxt andAj associated with the sources in setD

after adding new sources, respectively. The new elements ofxt and rows ofAj are

represented byx+
t andA+

j , respectively. As the prior ofηt is Poisson distribution given

in Equation (4.35). The prior ratio for the new number of sources in Equation (4.36) is

P (ηt +∆t)

P (ηt)
=

(
αjβj

βj +N − 1

)∆t 1

(ηt + 1)...(ηt +∆t)
(4.37)

The likelihood ratio in Equation (4.36) can be derived similarly as in the previous sec-

tion, which is given as

P (yt|κ+
src)

P (yt|κsrc)
= exp

(

− 1

2σ2
ǫ

x+
t A

+
j (A

+
j
T
x+
t
T − 2ǫTt )

)

(4.38)
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Figure 4.3 – A new subspace is added. This corresponds to the new column of binary

matrixZ in the upper-level IBP and the new binary matrixZj for the lower-level IBPs.

Similarly, the prior distribution ratio for theκ−
src proposal reduces to the following:

P (κ−
src)

P (κsrc)
=

P (ηt −∆t)

P (ηt)

P (x∗
t )

P (x′
t)

P (A∗
j)

P (A′
j)

P (yt|κ−
src)

P (yt|κsrc)

=
P (ηt −∆t)

P (ηt)

P (yt|κ−
src)

P (yt|κsrc)

1
∏∆t

i=1 P (x−
t,i)
∏∆t

i=1 P (A−
j,i)

(4.39)

wherex∗
t andA∗

j in Equation (4.39) are the elements ofxt andAj associated with the

sources in setD after removing the selected sources, respectively. The notationsx−
t

andA−
j represent the elements ofxt and rows ofAj associated with the sources that is

to be removed, respectively. The prior ratio of the number ofsources in this case is

P (ηt −∆t)

P (ηt)
=

(
βj +N − 1

αjβj

)∆t

ηt(ηt − 1)...(ηt −∆t + 1) (4.40)

and the likelihood can be written as

P (yt|κ−
src)

P (yt|κsrc)
= exp

(

− 1

2σ2
ǫ

x−
t A

−
j (2ǫ

T

t −A−
j
T
x−
t
T
)

)

(4.41)

4.10 Update the number of subspaces

The MCMC sampling method to create new sources in Section 4.9is also applied in

updating the number of subspaces. In this case, the new binary vectorsztj wherej

ranges over the new subspaces and the new elements ofxt andA which correspond to

the new subspaces are also included in the proposal.

Figure 4.3 illustrates the case when a new subspace is added which can be seen

as the allocation of the new IBP in the set of lower-level IBPs. Although the restricted
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Gibbs sampling is performed only at data pointt in the lower-level IBP, the possessions

of sources in the new subspace for all other data points are also necessary. Thus the

entries of binary matrixZj for new subspacej are initialised from the IBP prior.

We follow the same procedure described in the previous section to update the

number of subspaces. The only differences are the number of subspaces that will be

updated, i.e., added or removed, at each iteration. Since there are a number of variables

associated with the Metropolis-Hasting update, the restricted Gibbs sampler has to be

conducted in a high dimensional space, which requires a great deal of computation.

Thus a single subspace will be either added or removed at a time. In this case, the

proposed stateκ∗
subs consists ofv∗tj , z

∗
tj:, x

∗
tj:, andA∗

j , which are the variables associ-

ated with the updated subspace. Similarly to the case of sources, the proposed states

κ+
subs andκ−

subs represent adding and removing subspace proposal, respectively. The

Metropolis-Hasting acceptance probability in this case takes the following form:

rκsubs→κ
∗

subs
= min

[

1,
q(κsubs|κ∗

subs)

q(κ∗
subs|κsubs)

π(κ∗
subs)

π(κsubs)

]

(4.42)

whereκ∗ is eitherκ+
subs or κ−

subs depending on the type of proposal. The MCMC

sampling method for updating the number of subspaces is summarized below.

1. Draw∆t uniformly from{−1, 1}.
2. If ∆t > 0 then

(a) Add∆t columns to the matrixU and set the new value ofutj to 1.

(b) Form the proposal stateκ+
subs = {∆t, v

∗
t , z

∗
tj:,x

∗
tj:,A

∗} in which all vari-

ables are initialised from their conditional probabilities given other vari-

ables. This is the launch stateκ0
subs.

(c) Modify the launch stateκ0
subs by performingM intermediate restricted

Gibbs sampling scans.

(d) Given the launch stateκ0
subs obtained from intermediate restricted Gibbs

sampling, conduct one final Gibbs sampling scan to obtain thefinal values

of associated variables. These variables constitute the proposed stateκ+
subs.

(e) Calculate the transition probabilityq(κ+
subs|κsubs) by computing the Gibbs

sampling transition probability from the launch stateκ0
subs to the final pro-

posed stateκ+
subs. The Gibbs sampling transition probability is the product
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of the probabilities of setting all variables in the launch state to the final

values in the proposed state.

(f) To compute the reverse proposalq(κsubs|κ+
subs), we can see that this is the

probability of removing∆t features from setD of the binary matrixU. As

only a single column in setD are chosen at random for removal, the reverse

proposal is simply the probability of picking one column in setD, which is

1/ηt.

(g) Calculate the Metropolis-Hastings acceptance probability. If the proposed

state is accepted, we setκ+
subs to be the next state. Otherwise, the current

state is retained.

3. If ∆t < 0 then

(a) Select|∆t| columns in setD at random and store the current values ofvtj ,

ztj:, xtj:, andAj.

(b) Initialisevtj , ztj:, xtj: andAj from their conditional probabilities and assign

them to the launch stateκ0
subs.

(c) Modify the launch stateκ0
subs by performingM intermediate restricted

Gibbs sampling scans.

(d) Calculate the reverse transition probabilityq(κsubs|κ−
subs) by computing the

Gibbs sampling transition probability from the launch stateκ0
subs to the orig-

inal state. That is, we need to calculate the probability of generating the

original values ofvtj , ztj:, xtj:, andAj from the launch state.

(e) The transition probabilityq(κ−
subs|κsrc) is the probability of removing

|∆t| = 1 features at random, which is again1/ηt.

(f) Calculate the Metropolis-Hastings acceptance probability. If the proposed

state is accepted, we remove the selected features. Otherwise, the current

state is retained.

Using the same analysis as in the previous section, the priorof κsubs can be written

as

P (κsubs) = P (ηt)P (vtj)




∏

ztjk=0

P (ztjk)








∏

ztjk=1

P (xtjk, ajk|ztjk)P (ztjk)



 (4.43)

whereηt is the number of columns in setD of the matrixU in the upper-level IBP.
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The corresponding variablesvtj , ztj:, xtj:, andAj constitute the lower-level IBP that is

to be added or removed. The prior on the number of new featuresηt can be similarly

obtained from the IBP as follows:

P (ηt|α, β) = Poisson

(
αβ

β +N − 1

)

(4.44)

whereα andβ are the parameters of upper-level IBP. The prior on other variables are

already shown in the previous section. Furthermore, the prior of vtj is standard uniform

distribution, so it can be neglected from the product in Equation (4.43).

For theκ+
subs proposal, the prior distribution ratio reduces to the following:

P (κ+
subs)

P (κsubs)
=

P (ηt + 1)

P (ηt)






∏

z+
tjk

=0

P (z+tjk)











∏

z+
tjk

=1

P (x+
tjk, a

+
jk|z+tjk)P (z+tjk)




(4.45)

where the new elements ofzt, xt and rows ofAj are represented byz+t , x+
t andA+

j ,

respectively. As the prior ofηt is Poisson distribution given in Equation (4.44), the

prior ratio for the new number of subspaces in Equation (4.45) is

P (ηt + 1)

P (ηt)
=

(
αβ

β +N − 1

)
1

(ηt + 1)
(4.46)

The likelihood ratio can also be derived as in the previous section, which is given as

P (yt|κ+
subs)

P (yt|κsubs)
= exp

(

− 1

2σ2
ǫ

(q+
t ◦ z+t ◦ x+

t )A
+
j (A

+
j
T
(q+

t ◦ z+t ◦ x+
t )

T − 2ǫTt )

)

(4.47)

Similarly, the prior distribution ratio for theκ−
src proposal reduces to the following:

P (κ−
subs)

P (κsubs)
=

P (ηt − 1)/P (ηt)
[
∏

z−
tjk

=0 P (z−tjk)
] [
∏

z−
tjk

=1 P (x−
tjk, a

−
jk|z−tjk)P (z−tjk)

] (4.48)

wherez−t , x−
t andA−

j represents the elements ofzt, xt and rows ofAj associated

with the subspace that is to be removed, respectively. The prior ratio of the number of

subspaces in this case is

P (ηt − 1)

P (ηt)
=

(
β +N − 1

αβ

)

ηt (4.49)

and the likelihood can be written as

P (yt|κ−
subs)

P (yt|κsubs)
= exp

(

− 1

2σ2
ǫ

(q−
t ◦ z−t ◦ x−

t )A
−
j (2ǫ

T

t −A−
j
T
(q−

t ◦ z−t ◦ x−
t )

T
)

)

(4.50)
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4.11 IBP parameterαj

Recall that the marginal probability of the binary matrixZj for j = 1, ..., J can be

written as

P (Zj|αj, βj) =
(αjβj)

K+

∏

h>0Kh!
exp(−αjHN(βj))

K+∏

k=1

B(mjk, N −mjk + βj) (4.51)

whereHN(βj) =
∑N

i=1
βj

βj+i−1
. Taking the log of this expression gives

logP (Zj|αj) = K+ logαj −HN(βj)αj + const (4.52)

Using Bayes’ rule together with the Gamma prior onαj we haveP (αj|A,X,Y,Zj, βj) =

P (αj|Z, βj) which is given as

logP (αj|Zj , βj) ∝ logP (Zj |αj, βj) + logP (αj)

= (K+ + ϑj − 1) logα−
(

HN(βj) +
1

λj

)

αj + const(4.53)

Thus the conditional distribution ofαj can be written as

P (αj|Zj) = G
(

αj;K+ + ϑj ,
λj

1 + λjH(βj)

)

(4.54)

The conditional probability ofα for the upper-level IBP can be obtained in a similar

manner.

4.12 The relevant parameters

There are few parameters associated with the iISA model. In this section we summarize

the important parameters that have to be tuned in order to getan effective inference

algorithm. Although there are few more parameters, e.g., the hyperparameters of the

priors, they have small effects on the performance of the model. Thus only parameters

strongly contributed to the performance of the inference algorithm are mentioned in

this section.

Table 4.1 summarizes the parameters of the inference algorithm. All of these

parameters are the number of steps to conduct the Gibbs sampling. However, they

correspond to different parts of the algorithm and will therefore affect the performance

of the algorithm in the different ways. Their effects on the performance of the algorithm

will be investigated in Chapter 5. The pseudocode summarizing the inference algorithm

of the iISA model is shown in Appendix A.
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Table 4.1– The parameters for MCMC sampler of the iISA model

Parameter Notation Description

MAX ITER MGIBBS The number of iterations for MCMC sampler of

the iISA model.

MAX AS MAS The number of restricted Gibbs sampling scans

for sampling the active subspace.

MAX SRC MSRC The number of restricted Gibbs sampling scans

for updating the number of sources.

MAX SUBS MSUBS The number of restricted Gibbs sampling scans

for updating the number of sources.

MAX GIBBS MFULL The number of iterations of Gibbs sampling for

the lower-level IBPs.



Chapter 5

Experiments and Analysis

In the experiments, the performance of the iISA is evaluatedand compared with the

standard ISA algorithm. The iICA algorithm is also tested and compared with the Fas-

tICA algorithm (Hyvärinen, 1999a). Firstly, the iICA and iISA models are evaluated

using synthetic data generated from the models and comparedwith the general ICA and

ISA algorithms. For the iISA model, the performance of MCMC sampling technique,

described in the previous chapter, is also studied by examing the affects of various pa-

rameters. Lastly, these algorithms are evaluated on real-world data by applying them

on the natural images.

5.1 Experimental setting

Prior to the experiment, a useful preprocessing strategy isto first whiten the observed

data. As in the standard ICA, the whitening removes the correlation between mixed

components in the observed data using a linear transformation, such as principal com-

ponent analysis, that makes the data covariance matrix the identity matrix. This ensures

that the extracted sources are mutually uncorrelated as anyorthogonal basis in the data

space defines uncorrelated sources with unit variance. In whitening, the goal is to find

the whiten vector̃x such thatE{x̃x̃T} = I. One method for whitening is the eigen-

value decomposition of the covariance matrixC = EDET, whereC is the covariance

matrix evaluated using the available samples,E is the orthogonal matrix of eigenvec-

tors ofC, andD is the diagonal matrix of its eigenvalues. Thus the whiten vector x̃

can be obtained by

x̃ = ED−1/2ETx (5.1)
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wherex is the original observed data vector, which is assumed to be zero-mean. One

benefit of whitening is that it reduces the number of parameters to be estimated.

To evaluate the algorithms on synthetic data, samples are generated according to

the generative models of the iICA and iISA. For iICA model, all sources are assumed

mutually independent, whereas in the iISA model, some can bedependent. Note that

the synthetic data with independent sources is the special case of ISA where the number

of subspaces equals the number of sources. As opposed to iICA, the iISA model gener-

ates data with more complex structure. Therefore, this mustbe done carefully to ensure

that the synthetic data set contains the sufficient number ofsamples. In the experiments,

the iICA and iISA models are compared with FastICA (Hyvärinen, 1999a) and ISA al-

gorithms (Hyvärinen and Hoyer, 2000). In this case, the ground truth data is known so

we can compare the inferredA, X, andZ using theAmari error (Amari et al., 1996)

for ICA models andgeneralised Amari errorfor ISA models.

Let W = Z ◦X, the iICA model can be written in the noiseless case as

Y = WA (5.2)

Since ICA can recover the hidden sources only up to sign, arbitrary scaling factors, and

arbitrary permutations, the problem in Equation (5.2) can also be written as

Y = WPCP−1C−1A (5.3)

whereC andP are the diagonal matrix and permutation matrix, respectively. Thus,

Equation (5.3) shows the indeterminancies of the ICA problems, that is, the sources

are scaled by a diagonal matrixC and permuted by a permutation matrixP. Given the

true sourcesW and mixing matrixA, the inferred matrices are denoted asŴ = WB

andÂ = B−1A. The sources can be recovered optimally ifB = PC. ThusB can be

written as

B = (WTW)−1(WTŴ) (5.4)

Next, the Amari error can be defined in term of elementsbij of B as follows:

ρ(B) =
1

2KK ′ −K ′ −K

(
K ′

∑

i=1

(∑K
j=1 |bij |

maxk |bik|
− 1

)

+
K∑

j=1

(∑K
i=1 |bij |

maxk |bkj|
− 1

))

(5.5)

whereK is the true number of sources andK ′ is the inferred number. Because the

optimal recovery can be obtained whenB is the permutation matrix, the Amari error
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thus measures the deviation ofB from the permutation matrix, that is, the sum over

rows and columns of the deviation from there only being one main entry per column,

normalised so that the maximum error is 1.

The generalization of Amari error for ISA is straightforward. In this case, the

optimal matrixB is the permutation matrix permutingKj × Kj block matrices. De-

viation from this matrix can be computed as follows. Letb̂ij denote the sum of the

absolute values of elements at the intersections of thei(Ki − 1) + 1, ..., iKi rows and

thej(Kj − 1) + 1, ..., jKj columns of matrixB = (WTW)−1(WTŴ). Formally, for

1 ≤ i, j ≤ J , let

b̂ij =

iKi∑

p=i(Ki−1)+1

jKj∑

q=j(Kj−1)+1

|Bpq| (5.6)

which can be used to compute the Amari error using Equation (5.5). We see that

ρ(B) ≥ 0 and it is zero if and only if matrixB is a permutation matrix permuting

Kj ×Kj block matrices.

To evaluate the performance of the iICA with respect to the FastICA algorithm,

we apply the iICA and FastICA (Bingham and Hyvärinen, 2000; Hyvärinen, 1999a) al-

gorithm withtanh nonlinearity on 30 synthetic data sets. The Amari error for each

experiment is then computed. For the experiments on ISA models, the synthetic data

is generated in which the hidden sources can be separated into disjointed groups which

may contain a distinct number of sources. In this case, the performance between the

ISA algorithm and the iISA model is compared. As the number ofsubspaces and their

dimensions need not be specified in advance for the iISA model, the synthetic data

generally possesses the groups of sources with different sizes. However, it is not clear

how to cope with the data consisting of subspaces with different dimensions in the tra-

ditional ISA. Therefore, the dimensions are assumed equal for all subspaces. In the

experiments, the ISA algorithm is tested by fixing the actualnumber of subspaces and

varying the subspace dimension of 2, 4, and 8.

For iICA, the one-parameter IBP variant is used in the experiments as it is sug-

gested in the original work of iICA that there is no significant difference between one-

parameter and two-parameter variants of the IBP. Specifically, only α is sampled from

its conditional probability, whereasβ = 1 for all experiments of iICA. Likewise, we

also follow this setting by sampling only parametersα associated with both upper-level



5.2. Results 53

2 4 6

50

100

150

200

250

300
2 4 6

50

100

150

200

250

300

Figure 5.1– The true and inferred synthetic matrixZ with K = 7 hidden sources

and lower-level IBPs. Although this setting reduces computational cost considerably

for the iISA model, it is worth investigating the affects of bothα andβ as they become

more influential in the nested model. However, since the iISAmodel corresponds to

the two-level nIBP, we do not expect much loss of performancein the experiments.

5.2 Results

The results on both synthetic and real-world data are reported in this section. The first

part illustrates the results obtained using synthetic data. Both iICA and iISA models

are demonstrated to work well compared to the classical ICA and ISA algorithms. Fur-

thermore, the proposed model is examined on several synthetic data sets with different

parameter settings. The convergence of MCMC sampling techniques is also observed

by using the trace plots of different variants of the iISA models on several synthetic

data sets. Lastly, the results of iICA and iISA models on natural images are reported

and compared with the classical ICA and ISA algorithms.

5.2.1 Synthetic data

The synthetic data from the iICA model is generated withN = 300, D = 8, and

K = 7. The matricesX andA are drawn from their priors with binary matrixZ,

shown in Figure 5.1. Figure 5.2 depicts the log-likelihood and the parameter values

during 1000 iterations of Gibbs sampling on this synthetic data. The Gibbs sampler
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Figure 5.2 – The values of log-likelihood and parametersK, σǫ, σA, andα over 1000

iterations of Gibbs sampling on the synthetic data. The histograms on the right depict the

distributions of these parameters.
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Figure 5.3– The true matrices (left) and inferred versions (right) ofU, Z1, andZ2

starts to converge after approximately 30 iterations. The last 500 samples obtained

from the Gibbs sampler are used to calculate the average parameter values. As can

be seen in the figure, the algorithm can correctly infer the number of hidden sources,

which is 7. The true synthetic matrixZ and the average binary matrix inferred by the

algorithm are shown in Figure 5.1.

The synthetic data for iISA model is generated withN = 300, D = 6, andJ = 2.

The matricesX andA are drawn from their priors. The matricesU andZj for j = 1, 2

are shown in Figure 5.3. As shown in the figure, there are 2 subspaces, each of which
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Figure 5.4– The trace plots of the inference algorithm for iISA model

has a dimension of 2 and 3, respectively. To incorporate the dependencies among the

components in each subspace, the data is created as follows.First, 300 samples are

drawn from a 6-dimensional Laplace distribution. Since there are 2 subspaces, 300

samples are drawn from a 2-dimensional uniform distribution. Next, the components

in each subspace are multiplied by the random variables fromthe uniform distribution.

Due to the common sample from the uniform distribution, the components in the sub-

space have dependencies. Figure 5.3 shows the synthetic binary matrices corresponding

to the upper-level IBP that indicates which subspaces are active for each data point and

the binary matrices for each subspace that indicate which sources are active in each

subspace.

Using synthetic data shown in Figure 5.3, the inference algorithm is conducted for

10,000 iterations. The parameter setting of the algorithm is MAS = 10, MSRC = 5,

MSUBS = 5, andMFULL = 1. The trace plots obtained from this experiment are de-

picted in Figure 5.4, which shows only the trace of log-likelihood,σ2
ǫ , andσ2

A. Accord-

ing to the log-likelihood values, the variables starts to mix after roughly 300 iterations.

The algorithm can infer the correct number of subspaces as well as their dimension as

shown in Figure 5.3. However, the mixing matrix inferred by the algorithm seems to be

problematic asσ2
A becomes larger compared to the true variance used to generate the

matrix.

Figure 5.5 shows the boxplots of Amari errors obtained by applying the FastICA

algorithm, ISA algorithm, iICA, and iISA on 30 synthetic data sets. Note that the data
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Figure 5.5 – The comparisons between the FastICA algorithm with the iICA (left) and

traditional ISA algorithm with iISA (right) over 30 synthetic data sets.

used in these two cases are generated according to differentmodels. We compare the

FastICA algorithm versus the iICA and traditional ISA algorithm with different sub-

space sizes versus iISA. The plot can be interpreted as follows. The rectangular boxes

correspond to the second and third quartile of the arranged values. Thus these rect-

angles correspond to typical medium results occuring in 50%of the realisations. The

horizontal line roughly in the middle of each rectangle is the median error separating

the second and third quartile for the corresponding algorithm. The red crosses outside

this normal range are considered to be outliers.

As can be seen in Figure 5.5, the median Amari errors are similar for both the

FastICA and iICA models. This is not surprising, as the sources are heavy-tailed

and should be effectively recovered by both algorithms. Note that the true number

of sources are used for the FastICA algorithm in all experiments. Although both the

FastICA and the iICA algorithms have a similar performance,the iICA model has more

flexibility in that the number of sources need not be specifiedin advance, but can be

inferred from the data.

The results for ISA in Figure 5.5 show that the iISA model outperforms the tradi-

tional ISA algorithms on the synthetic data. This is intuitive because the data generally

has subspaces with uneven number of sources. Thus, the iISA model performs better

than traditional ISA algorithm as it can capture the unequalsubspace size. This burden
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Figure 5.6 – The number of subspaces and the subspace size of four different synthetic

data sets.

can sometimes limit the use of ISA algorithms on many real-world applications as the

assumption of equal subspace dimensions is not realistic. Furthermore, since almost

all subspaces in the synthetic data used in this experiment have low dimensions, the

ISA algorithm with the subspace size of 2 yields better results than ISA algorithm with

subspace size of 4 and 8.

5.2.1.1 Performance of the iISA algorithm

The MCMC sampling method is similar to the split-merge algorithm in that the in-

termediate Gibbs sampling scans are performed to make MCMC sampler mix faster.

Therefore, different variants of iISA algorithms are compared, which are iISA(1,1,1,0),

iISA(1,1,1,1), iISA(1,1,1,10), iISA(10,1,1,1), iISA(1,5,1,1), and iISA(1,1,5,1). The

numbers in parentheses are the number of intermediate Gibbssampling scans for upper-

level IBP (MAS), for updating the number of sources (MSRC), for updating the number

of subspaces (MSUBS), and the number of full Gibbs sampling iterations if the subspace

is active (MFULL), respectively.

The performance of each iISA variant was evaluated by examining the trace plot

of log-likelihood and the computation time per iteration asreported in Table 5.1. The

variants of iISA are executed on four synthetic data sets with a varying number of

subspaces and total number of sources. For four data sets in Table 5.1, the number of

subspaces and total number of sources are (2,6), (4,11), (6,19), and (8,26), respectively.

Each data set contains 500 data points with 6 attributes. Thenumber of sources in each

subspace for these data sets are shown in Figure 5.6.

Table 5.1 reports the average running time per iteration in second for each iISA
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Table 5.1– The time per iteration in seconds for each algorithm

Algorithm J2-K6 J4-K11 J6-K19 J8-K26

iISA(1,1,1,0) 1.227 1.732 2.485 2.369

iISA(1,1,1,1) 1.396 1.895 2.422 1.961

iISA(1,1,1,10) 3.101 1.973 3.058 2.570

iISA(10,1,1,1) 2.557 3.045 5.864 4.787

iISA(10,5,1,1) 3.584 3.109 6.558 7.422

iISA(10,1,5,1) 3.320 5.806 5.101 5.475

variant, which illustrates how each parameter affects the running time. As the MCMC

sampling method used for iISA model is computationally expensive, choosing appro-

priate values for these parameters will improve the mixing time of the MCMC samplers,

especially for large-scale data sets. The results indicatethat the MCMC sampler with

a larger number of restricted Gibbs sampling scans and the number of full Gibbs sam-

pling scans spend a longer amount of time. A small increase ofthe parameter values

can incur a considerable amount of computational time. Therefore, it is crucial to look

at how much each parameter affects the performance of the algorithm, leading to the

appropriate parameter setting.

The trace plots of each iISA variants are shown in Figure 5.7.The convergence

of each algorithm is observed by looking at the log-likelihood trace for 1000 iterations.

The plots show the log-likelihood of the model using a different parameter setting of

the MCMC sampler until it mixes. It is clear from Figure 5.7(a) and 5.7(b) that the

4th-6th variants of iISA mix equally well and relatively faster than the 1st-3rd variants.

Although converging more slowly, the 3rd variant also converges to the likelihood val-

ues closer to those of the 4th-6th variants, which is contrary to the 1st and 2nd variants

that achieve lower likelihood values. According to the likelihood values, the 2nd and

3rd variants yield better results on theJ4-K11 data set, whereas the 1st variant still

achieves the lowest likelihood values.

The differences between the 1st-3rd variants and 4th-6th variants are clearly illus-

trated in Figures 5.7(c) and 5.7(d). The convergence patterns of the 4th-6th variants are

similar to the first two cases. However, the 1st-3rd variantsmix poorly and achieve the
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Figure 5.7 – The trace plots of iISA variants on four different synthetic data for 1000

iterations
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low likelihood values on these two data sets. Furthermore, the results obtained from

the 4th-6th variants are approximately the same in term of likelihood values and mixing

time. Intuitively, the MCMC samplers onJ6-K19 andJ8-K26 data sets take slightly

longer time before they converge.

The results shown in Figure 5.7 indicate the effects of parameters in the iISA

model. The most influential parameter in the MCMC sampler is the number of re-

stricted Gibbs sampling scans before reaching the launch state in the upper-level IBP.

The large number of scans ensures that the restricted Gibbs sampler in the lower-level

IBPs takes steps toward the optimal region such that the lower-level IBPs improve suf-

ficiently at each iteration. Increasing the number of restricted Gibbs sampling scans

also improve the mixing time as the acceptance rate of Metropolis-Hasting update is

increased accordingly. Although playing a similar role as the first parameter, the num-

ber of restricted Gibbs sampling scans used to update the number of sources and sub-

spaces seems to be less important compared to the first parameter. This is the case

because these events occur quite rarely as a result from a relatively low acceptance

rate of Metropolis-Hasting update. Lastly, the results also suggest that increasing the

number of full Gibbs sampling scans after the Metropolis-Hasting update does not sig-

nificantly improve the mixing time. Furthermore, some of these issues are discussed

later for the comparison of different iISA variants using the generalised Amari error.

To evaluate the results obtained from each iISA variant, 30 synthetic data are gen-

erated with the same number of subspaces and their dimensions as shown in Figure

5.6. These six algorithms are then applied on these data sets. The boxplots of gener-

alised Amari errors are shown in Figure 5.8. These plots illustrate the effects of each

parameters in the MCMC sampler to the source recovery.

The Amari errors of iISA(1,1,1,0), iISA(1,1,1,1), and iISA(1,1,1,10) are used to

examine the affect of number of Gibbs sampling scans after the Metropolis-Hasting step

in the upper-level IBP. The results in Figure 5.8 indicate that the full Gibbs sampling

scan for a lower-level IBP after Metropolis-Hasting updatemay be a waste of compu-

tational time. Although the performance improves in the first two simple data sets as

depicted in Figure 5.8(a) and 5.8(b), there is no significantimprovement for more com-

plicated data sets as depicted in Figure 5.8(c) and 5.8(d). This result indeed closely re-

sembles what was observed in the split-merge algorithm (Jain and Neal, 2000) although
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(d) J8-K26

Figure 5.8– the generalised Amari errors of different iISA variants

its full Gibbs sampling scan refers to a different operation. In iISA, the restricted Gibbs

sampling is performed on a single lower-level IBP, whereas it is performed for a subset

of data points in split-merge algorithm. Thus the full Gibbssampling scan for an iISA

model is indeed similar to restricted Gibbs sampling. Note that this step is important in

the case that the acceptance probability of Metropolis-Hasting update is very low and

the upper-level IBP is rarely updated. As observed from the experiments, a single step

of full Gibbs sampling scans for iISA is more than sufficient.

The results of iISA(10,1,1,1), iISA(10,5,1,1), and iISA(10,1,5,1) are used to ex-

amine the affects of the number of restricted Gibbs samplingscans before reaching

the launch state for indicating active subspace, updating the number of sources, and
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Figure 5.9– The examples of 160 images patches extracted from the natural images

updating the number of subspaces, respectively. The results indicate the importance of

these three parameters as the generalised Amari errors improve considerably in almost

all cases. Moreover, the improvement seems to a result of thefirst parameter, that is,

the number of restricted Gibbs sampling scans for indicating the active subspace. A

higher number of retricted Gibbs sampling scans increases the acceptance probability

of the Metropolis-Hasting update, but also results in longer computational time. Since

the last two parameters are relatively less important than the first one, the values of first

parameter should be higher than the last two parameters.

5.2.2 Natural images

To evaluate the iISA model on the real data, experiments on the natural images were

conducted. The input data matrixY is formed by taking the16 × 16 pixel image

patches at random locations from monochrome photographs depicting wild-life scenes

(animals, meadows, and forests). The original images are available on the World Wide

Web1. Figure 5.9 illustrates some of these image patches. The image patches are then

converted into vectors of length 256. The mean gray-scale value of each image patch

is subtracted. The dimension of the data is reduced to 160 by PCA, which corresponds

to low-pass filtering.

Using image patches, the FastICA, ISA, iICA, and iISA algorithms are compared

by observing a set of filters recovered by each algorithm. Each algorithm is executed for

1000 iterations. For FastICA, the number of independent components to be estimated

is 160. For ISA, the number of independent subspaces to be estimated and the dimen-

1Image available athttp://www.cis.hut.fi/projects/ica/data/images/
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Figure 5.10– The 160 filters obtained from the ICA algorithm

Figure 5.11– The 160 filters obtained from the ISA algorithm

sionality of subspaces are 40 and 4, respectively. For both iICA and iISA, there is no

need to specify the number of independent components nor thenumber of independent

subspaces as they can be determined by the model.

The independent components extracted by ICA algorithm are shown in Figure

5.10. It is well-known that the independent components obtained from ICA are local-

ized both in space and in frequency, resembling the Gabor filters. The results also show

that the components produced by ICA are not completely independent. Some com-

ponents are similar in their orientation. The ISA algorithmgroups these components

together as illustrated in Figure 5.11. For the iICA and iISAmodels, similar results are

expected, as shown in Figure 5.10 and 5.11, respectively. The components obtained

from iICA and iISA models, however, do not resemble the Gaborfilters, but have ran-

dom patterns, so they will not be considered further here. Although the results of iICA

and iISA models are not successful, they provide useful insight into how to improve

the model, which will be discussed later.
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5.3 Analysis

Several issues of iISA model have been identified in the experiments. First, the com-

putational time of iISA seems to be problematic, although the split-merge algorithm

improves the mixing time of the sampler. The parameters of the iISA algorithm thus

play an important role in the computational time of the algorithm, especially on the real-

world data. Other than adjusting the parameters, some othertechniques to improve the

computational time of the algorithm can also be considered.

The second issue relate to both iICA and iISA models. Sometimes, the algorithms

fail to converge on synthetic data. That is, the amount of noise added to the data

has to be small such that it does not disturb the true underlying structure. From this

observation, the noise variance of approximately 0.1 should be sufficient.

Thirdly, the initialisation of the model is also important,which is more obvious for

the case of the iISA model. In the experiment, the number of subspaces is initialised

by drawing from the Poisson distribution and the dimensionsof all subspaces are ini-

tialised to be 1 to simplify the algorithm. Another approachis to draw the dimension

of subspace from Poisson distribution parameterised by theparameters associated with

each subspace, which yields the subspaces with different dimensions. These two ap-

proaches yield similar results on the synthetic data. It is also of interest to consider

other initialisation methods that can make the algorithm converge faster.

Lastly, many issues of the iISA model on the natural images have been identi-

fied. Since the iICA model in this experiment also failed to recover the filters from the

natural images, it is suspected that the structure underlying the natural images is signif-

icantly different from the model as defined by iICA. As the iISA model is based on the

iICA model, the results obtained are quite similar. Possible improvement of the iISA

model include considering another heavy-tail distribution other than Laplacian. More

experiments need to be done to gain more insight into how to improve the iISA model.

Due to time constraints, it is not possible to evaluate the iISA model on other real world

data sets, but it is worth experimenting on various data sets. All issues discussed here

will be considered for further improvement of the model.



Chapter 6

Conclusions and Future Works

In this thesis, the Bayesian nonparametrics have been studied, providing a framework

for more expressive probabilistic representations. They provide a richer class of distri-

butions over objects such as functions, partitions, trees with infinite branching factors

and depths by replacing the finite-dimensional prior distribution with stochastic pro-

cesses. In addition to the expressiveness, various properties of nonparametric Bayesian

models such as exchangeability, permit the design of efficient inference algorithms.

The flexibility of Bayesian nonparametrics has attracted researchers from different ar-

eas, in which many successful applications have been developed. Some of these recent

developments have also been reviewed in this work.

This thesis has focused on one of the Bayesian nonparametricapproaches called

the Indian buffet process (IBP), which defines a class of infinite latent feature models.

The basic premise of the IBP is that objects are modelled as arising from infinitely

many latent features, with any particular object having finite features. In this work,

the general definition of IBP has been discussed and exploredsome important proper-

ties. Moreover, some recent developments of the IBP and its applications have been

reviewed. A theoretical background of IBP in terms of beta process is laid out to aid

the understanding of its extensions proposed in this work.

Motivated by the successful applications of nCRP, I discussa general framework

for the nested IBP through beta processes. Although a nesting strategy for IBP is

straightforward, theoretical results of a nesting strategy in Bayesian nonparametrics

has not yet been seen. Additionally, there are no concrete applications of nested IBP.

To gain some insights into the nested models, I have reviewedrecent developments

of nDP and nCRP, with the connections to the nBP and nIBP, respectively. Some im-
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portant properties of nIBP have been illustrated through examples which provide a

motivation for further developments of applications toward this direction.

To give a concrete application of nIBP, I propose the infiniteIndependent Subspace

Analysis (iISA) which provides the open-ended complexity to the classical independent

subspace analysis models. The ISA models generalise the independent component anal-

ysis by allowing dependencies between source signals. The independence assumption

is instead imposed on the groups of dependent source signals. One drawback of most

ISA models is that the number of groups, as well as the group size, need to be specified

prior to learning. Moreover, it is not clear how to deal with the case of different group

sizes. Although some recent developments in ISA address these problems explicitly,

there are still some limitations. To fully handle these problems, the iISA model elimi-

nates the restrictions on the number of groups and a groups size by allowing them to be

inferred from the data. However, by increasing degrees of freedom, the model becomes

more complex. To handle this complexity, we propose a specialised inference algorithm

based on the Metropolis-Hasting method. The algorithm is similar to the split-merge

algorithm used for the Dirichlet process mixture model to improve the mixing time of

the MCMC sampler.

The experimental results have not only demonstrated the performance of the iISA

model, but also led to some conceptual insights that could beused to improve the

model. Even though the results on real data reveal a considerable number of issues

of the iISA model, they also leave some interesting questions involving both concep-

tual understanding and practical uses. Indeed, this thesisprovides a basis for several

significant improvements that can be done in the future. Additionally, this study has

introduced several ideas that can be useful for a wider rangeof applications.

There are several issues of iISA model that need to be discussed further. One of

them is the computational complexity of the inference algorithm. An efficient inference

algorithm plays an important role in the practical use of theiISA model. This can also

aid in the development of applications utilising the nIBP. In addition to nCRP, it is

also of interest to make connections between nIBP and other Bayesian nonparametric

models such as the branching process, which may establish the nIBP in relation to some

well-known models in this area.
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Appendix A

iISA Algorithm

Several parts of the proposed MCMC sampling technique are illustrated by the pseu-

docode. Section A.1-A.3 present the sub-algorithms which constitute the iISA algo-

rithm shown in the Section A.4.
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A.1 Active subspaces

The algorithm below shows the steps to perform the intermediate Gibbs sampling for

the active subspace. The relevant parameter for this procedure is MAX AS (MAS).

Algorithm 1 Intermediate Gibbs sampler for active subspaces
1: define the proposal state asκ = {vtj, ztj:,xtj:}
2: if utj = 0 then

3: initialiseκ from the conditional distributions

4: for m = 1 to MAS do

5: perform restricted Gibbs sampling scan onκ

6: end for

7: perform one final restricted Gibbs sampling onκ to getκ∗

8: compute theMetropolis-Hasting acceptance probabilityrκ→κ
∗

9: else

10: store the original stateκ∗ ← κ

11: initialiseκ from the conditional distributions

12: for m = 1 to MAS do

13: perform restricted Gibbs sampling scan onκ

14: end for

15: compute the Metropolis-Hasting acceptance probability rκ→κ
∗

16: store the new stateκ∗ ← κ

17: end if

18: return the new stateκ∗ and the acceptance probabilityrκ→κ
∗
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A.2 Update number of sources

The procedure used to perform the intermediate Gibbs sampling to update the number

of sources in each subspaces is shown below. The relevant parameter for this procedure

is MAX SRC (MSRC) that specifies the number of restricted Gibbs sampling scans from

launch state to the final state.

Algorithm 2 Intermediate Gibbs sampler for updating number of sources
1: sample∆t from {−2,−1, 1, 2}
2: define the proposal state asκsrc = {∆t,x

∗

t ,A
∗}

3: if ∆t > 0 then

4: add new elements ofxt and rows ofA and store inx∗

t andA∗

5: initialiseκsrc from the conditional distributions

6: for m = 1 to MSRC do

7: perform restricted Gibbs sampling scan onκsrc

8: end for

9: perform one final restricted Gibbs sampling onκsrc to getκ∗

src

10: compute the Metropolis-Hasting acceptance probability rκsrc→κ
∗

src

11: else

12: select|∆t| elements ofxt and rows ofA corresponding to the features in setD of binary matrix

Zj and store inx∗

t andA∗

13: store the original stateκ∗

src ← κsrc

14: initialiseκsrc from the conditional distributions

15: for m = 1 to MSRC do

16: perform restricted Gibbs sampling scan onκsrc

17: end for

18: compute the Metropolis-Hasting acceptance probability rκsrc→κ
∗

src

19: store the new stateκ∗

src ← κsrc

20: end if

21: return the new stateκ∗

src and the acceptance probabilityrκsrc→κ
∗

src
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A.3 Update number of subspaces

The procedure used to perform the intermediate Gibbs sampling to update the number

of subspaces is shown below. The relevant parameter for thisprocedure is MAX SUBS

(MSUBS) that specifies the number of restricted Gibbs sampling scans from launch state

to the final state. The algorithm is basically the same as in updating the number of

sources.

Algorithm 3 Intermediate Gibbs sampler for updating number of subspaces
1: sample∆t from {−1, 1}
2: define the proposal state asκsubs = {∆t, v

∗

tj , z
∗

tj:,x
∗

tj:,A
∗

j} for subspacej

3: if ∆t > 0 then

4: add new elements ofzt, xt and rows ofA and store inbz∗tj:, x
∗

tj: andA∗

j

5: initialiseκsubs from the conditional distributions

6: for m = 1 to MSUBS do

7: perform restricted Gibbs sampling scan onκsubs

8: end for

9: perform one final restricted Gibbs sampling onκsubs to getκ∗

subs

10: compute the Metropolis-Hasting acceptance probability rκsubs→κ
∗

subs

11: else

12: select|∆t| features from setD of matrixU randomly. Store the elements ofzt, xt and rows of

Aj corresponding to the selected features inz
∗

t , x∗

t , andA∗

13: store the original stateκ∗

subs
← κsubs

14: initialiseκsubs from the conditional distributions

15: for m = 1 to MSUBS do

16: perform restricted Gibbs sampling scan onκsubs

17: end for

18: compute the Metropolis-Hasting acceptance probability rκsubs→κ
∗

subs

19: store the new stateκ∗

subs
← κsubs

20: end if

21: return the new stateκ∗

subs
and the acceptance probabilityrκsrc→κ

∗

subs
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A.4 MCMC sampler for iISA

Algorithm 4 shows the pseudocode for the inference algorithm of the iISA model.

Algorithm 4 MCMC sampler for iISA model
1: InitialiseU, V, X, A, V, andZj , ∀j from their priors.

2: for m = 1 to MGIBBS do

3: for t = 1 to N do

4: for j = 1 to J do

5: if m¬tj > 0 then

6: compute the new stateκ∗ using Algorithm 1

7: if the new stateκ∗ is acceptedthen

8: change the value ofutj and set the corresponding variables to new stateκ
∗

9: else

10: if utj = 1 then

11: for k = 1 to MFULL do

12: samplevtj , ztj:, andxtj: from their conditional probabilities

13: end for

14: end if

15: end if

16: end if

17: end for

18: for each active subspacej do

19: compute the new stateκ∗

src using Algorithm 2

20: if the new stateκ∗

src is acceptedthen

21: either add or remove the source in subspacej according toκ∗

src

22: end if

23: end for

24: compute the new stateκ∗

subs
using Algorithm 3

25: if the new stateκ∗

subs
is acceptedthen

26: either add or remove the subspace according toκ
∗

subs

27: end if

28: end for

29: for k = 1 to K do

30: sample each rowak of mixing matrixA

31: end for

32: remove columns withmj = 0 from U andmjk = 0 from Zj

33: remove corresponding elements fromV, X, andA

34: sampleσ2
ǫ , σ2

A
, α, andαj from their conditional distributions

35: end for



Appendix B

Conditional Probabilities

This section contains the detail derivation of conditionalprobability distribution for

some variables mentioned in Chapter 4.

B.1 The hidden sourcext

Let ǫtj¬k be the error vectorǫt evaluated whenztjk = 0. From Bayes’ rule, we have

P (xtjk|A, st,qt, zt,xtj¬k) ∝ P (yt|A, st,qt, zt,xt, σ
2
ǫ )P (xtjk) (B.1)

Taking log of (B.1) gives

logP (xtjk|rest) = −|xtjk| −
1

2σ2
ǫ

(ǫtj¬k − ajkxtjk)(ǫtj¬k − ajkxtjk)
T + const

= −|xtjk| −
1

2σ2
ǫ

(x2
tjkajka

T

jk − 2ajkǫ
T

tj¬kxtjk + ǫtj¬kǫ
T

tj¬k) + const

= − 1

2σ2
ǫ

(
x2
tjkajka

T

jk − 2ajkǫ
T

tj¬kxtjk + 2σ2
ǫ |xtjk|+ ǫtj¬kǫ

T

tj¬k

)
+ const

= −ajka
T

jk

2σ2
ǫ

(

x2
tjk − 2xtjk

ajkǫ
T

tj¬k ∓ σ2
ǫ

ajka
T

jk

+
ǫtj¬kǫ

T

tj¬k

ajka
T

jk

)

+ const (B.2)

which is the piecewise Gaussian distribution given as

P (xtjk|A, st,qt, zt,xtj¬k) =







Υ+

Ω
N (xtjk;µ+, σ) if xtjk > 0

Υ−

Ω
N (xtjk;µ−, σ) if xtjk < 0

(B.3)

where the meansµ+, µ− and varianceσ2 can be defined as follows:

µ+ =
ajkǫ

T

tj¬k − σ2
ǫ

ajka
T

jk

, µ− =
ajkǫ

T

tj¬k + σ2
ǫ

ajka
T

jk

, σ2 =
σ2
ǫ

ajka
T

jk

(B.4)
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This distribution is guaranteed to be continuous by the choice ofΥ+ andΥ− and to be

correctly normalized by the choice ofΩ.

Υ+ = N (0;µ−, σ) (B.5)

Υ− = N (0;µ+, σ) (B.6)

Ω = Ω−Υ− + Ω+Υ+ (B.7)

whereΩ− = F (0;µ−, σ) andΩ+ = 1− F (0;µ+, σ).

B.2 The source dependencyvt

The conditional probability of the source dependencyqtj:, i.e.,vtj , can be rewritten as:

P (qtj:|A,xt, zt, st,qt¬(j:)) ∝ P (yt|A,xt, zt, st,qt, σ
2
ǫ )P (qtj:|qt¬(j:))

∝ P (yt|A,xt, zt, st,qt, σ
2
ǫ )I{0<qtj:<1} (B.8)

Replacingqtj: with vtj , we can derive the likelihood term in (4.8) as follows:

L =
1

(2πσ2
ǫ )

D
2

exp

{

− 1

2σ2
ǫ

(yt − (st ◦ qt ◦ zt ◦ xt)A)(yt − (st ◦ qt ◦ zt ◦ xt)A)T

}

=
1

(2πσ2
ǫ )

D
2

exp

{

− 1

2σ2
ǫ

(ǫt¬(j:) − vtj(ztj: ◦ xtj:)Aj)(ǫt¬(j:) − vtj(ztj: ◦ xtj:)Aj)
T

}

=
1

(2πσ2
ǫ )

D
2

exp

{

− 1

2σ2
ǫ

(ǫt¬(j:)ǫ
T

t¬(j:) − 2vtj(ztj: ◦ xtj:)Ajǫ
T

t¬(j:)

+v2tj(ztj: ◦ xtj:)AjA
T

j (ztj: ◦ xtj:)
T)

}

=
1

(2πσ2
ǫ )

D
2

exp

{

− (ztj: ◦ xtj:)AjA
T

j (ztj: ◦ xtj:)
T

2σ2
ǫ

(

v2tj −
2vtj(ztj: ◦ xtj:)Ajǫ

T

t¬(j:)

(ztj: ◦ xtj:)AjA
T

j (ztj: ◦ xtj:)T

+
ǫt¬(j:)ǫ

T

t¬(j:)

(ztj: ◦ xtj:)AjA
T

j (ztj: ◦ xtj:)T

)}

(B.9)

After completing the square in (B.9), we obtain the conditional probability ofvtj written

as

P (vtj |A,xt, zt, st,vt¬j) ∝ N (vtj;µv, σ
2
v)I{0<vtj<1} (B.10)

which is two-sided truncated normal distribution with meanµv and varianceσ2
v defined

as follows.

µv =
(ztj: ◦ xtj:)Ajǫ

T

t¬(j:)

(ztj: ◦ xtj:)AjA
T

j (ztj: ◦ xtj:)T
, σ2

v =
σ2
ǫ

(ztj: ◦ xtj:)AjA
T

j (ztj: ◦ xtj:)T
(B.11)
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To generate samples from two-sided truncated normal distribution, we use the following

method given that we know the cumulative distribution function F (·) and the inverse

error functionerf−1(·).

φl = F

(
(a− µv)

σv
; 0, 1

)

, φr = F

(
(b− µv)

σv
; 0, 1

)

(B.12)

v = µv + σv

(√
2erf−1(2(φl + (φr − φl)w)− 1)

)

(B.13)

wherea andb are the lower and upper truncation points, respectively, andw is a sample

fromUniform(a, b).

B.3 The mixing matrix A

the conditional probability distribution of the rowsajk of mixing matrix Aj can be

written as

P (ajk|A¬(jk),X,Y,Z,S,Q, σ2
ǫ , σ

2
A) ∝ P (Y|A,X,Z,S,Q, σ2

ǫ )P (ajk|σ2
A) (B.14)

Let E¬(jk) be the noise matrixE = Y − (S ◦Q ◦ Z ◦X)A evaluated whenajk = 0

and denote the column of(S ◦Q ◦ Z ◦X) bywT

jk. Consider the log conditional ofajk

in (B.14).

logP (ajk|rest) = − 1

2σ2
ǫ

tr(Y −GA)(Y −GA)T − 1

2σ2
A

ajka
T

jk + const

= − 1
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T

jk + const

= − 1
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tr(wT

jkajka
T

jkwjk − 2wT
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T
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1

2σ2
A
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T

jk + const

= − 1

2σ2
ǫ

((wjkw
T
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T

jk)− 2ajkE
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T

jk)−
1

2σ2
A
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jk + const

= − 1

2σ2
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(

(wjkw
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jk)(ajka
T
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σ2
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σ2
A

ajka
T

jk − 2ajkE
T
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jk
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+ const

= −
wjkw

T

jk +
σ2
ǫ

σ2
A

2σ2
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

ajka
T

jk −
2ajkE

T

¬(jk)w
T

jk

wjkw
T

jk +
σ2
ǫ

σ2
A



 + const (B.15)

Thus the conditional distribution of each row of the mixing matrix given other variables

is GaussianN (µ,Λ) whose mean and variance are defined as

µ =
σ2
A

wjkw
T

jkσ
2
A + σ2

ǫ

ET

¬(jk)w
T

jk (B.16)

Λ =

(

wjkw
T

jk

σ2
ǫ

+
1

σ2
A

)

ID×D (B.17)
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B.4 The noise varianceσ2
ǫ

The conditional distribution ofσ2
ǫ can be obtained using Bayes’s rule as follow.

P (σ2
ǫ |E, a, b) ∝ P (E|σ2

ǫ )P (σ2
ǫ |a, b) (B.18)

where the log of the total likelihood (4.2) and the prior are given as

logP (E|σ2
ǫ ) = − 1

2σ2
ǫ

tr(EET)− ND

2
log(2πσ2

ǫ ) (B.19)

logP (σ2
ǫ |a, b) = −(a + 1) log σ2

ǫ −
1

bσ2
ǫ

− log Γ(a)− a log b (B.20)

Taking log of (B.18) results in the following equation.

logP (σ2
ǫ |E) = logP (E|σ2

ǫ ) + logP (σ2
ǫ |a, b)

= − 1

2σ2
ǫ

tr(EET)− ND

2
log(2πσ2

ǫ )− (a + 1) log σ2
ǫ

− 1

bσ2
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− log Γ(a)− a log b

= −
(

(a+ 1) +
ND

2

)

log σ2
ǫ

−
(
1

b
+

1

2
tr(EET)

)
1

σ2
ǫ

+ const (B.21)

As a result, we have the conditional probability

P (σ2
ǫ |E, a, b) = IG(σ2

ǫ ; a+
ND

2
,

b

1 + b
2
tr(EET)

) (B.22)

B.5 The variance of mixing matrix elements

The conditional probability distribution ofσ2
A can be obtained using Bayes’ rule.

P (σ2
A|A, c, d) ∝ P (A|σ2

A)P (σ2
A|c, d) (B.23)

Similarly to the previous section, the log of conditional can be written as

logP (σ2
A|A, c, d) =

1

2σ2
A

tr(AAT)− DK

2
log(2πσ2

A)

−(c + 1) log σ2
A −

1

σ2
Ad

(B.24)

As a result, we have the conditional probability distribution ofσ2
A as below.

P (σ2
A|A, c, d) = IG(σ2

A; c+
DK

2
,

d

1 + d
2
tr(AAT)

) (B.25)
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