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Abstract

The infinite Independent Subspace Analysis (iISA) is presm this thesis. This
model is based on the nested Indian Buffet Process (nIBRycaastic process which
assigns probability distributions to trees of infinite depnd branching factors. In
Bayesian nonparametrics, the theoretical results ofmgstrategies, particularly nIBP,
are still lacking, so some interesting properties of nIB® idustrated through various
examples to gain insight further into the nIBP and relatedl@®such as nested Chi-
nese restaurant process (NCRP). Using the nIBP, the iISAehadichinates the restric-
tions of classical ISA algorithms on the number of groupsguadips sizes by allowing
them to be inferred from the data. Moreover, the specialisielence algorithm based
on the Metropolis-Hasting method is proposed to handlertbeeased complexity of
the model. The experimental results have not only demdestithe performance of
the iISA model, but also led to a conceptual understandiagdan be used to improve
the model. Although the application of iISA model on the matimages was not

successful, it provides some insights that can be used fitrefludevelopment.
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Chapter 1

Introduction

Since the invention of the computer there have been attetapisvelop computers
as general programmable machines, that can be adaptedveomoblems requiring
a considerable amount of computation, such as finance andesmog. Although at
first it might seem difficult to believe that machines can, égample, play chess or
analyse the human genome, the introduction of new comptliatsare faster, more
flexible, and more efficient makes the aforementioned agiitins become more fea-
sible. Nowadays, computers have become a crucial factdeiachievement of many
practical applications, not only in scientific discovenyt Blso in various industries.

Due to the emergence of many practical applications, mosigms become more
complicated and require not only higher computational pdvut also an efficient al-
gorithms to solve problems effectively. Machine learnirasg lemerged as one of the
scientific disciplines that aims to gain more flexibility inoplem-solving by allowing
the computer to automatically learn to recognise complatepas or relationship in
data so that optimal solutions can be found without hardragpdDue to its promis-
ing performance, machine learning has been adopted in magyigal uses, ranging
from the problems as simple as calculators to problems aplotated as brain image
analysis and the human genome project.

Although various machine learning techniques have prouedessful in practice,
the performance of these techniques depends largely omtheescof the models given
the available data. Flexibility of these learning techmigjigcan be gained by adjusting
the values of the associated parameters. Consider themhgsproblem in which the
data are arranged into different clusters and we attempletatify which data belongs

to which cluster. Most clustering algorithms, for examp{emeans, allows the speci-
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fication of the number of clusters before applying the algorithm to the existing data.
Choosing the appropriate values of parameters in the legmiodel is generally re-
garded as model selection, which often relies on the aJailddta. Although allowing
the model to be adjusted according to the data, this scenasisome drawbacks.

Firstly, finding the right model for the available data sehgsnodel selection can
be difficult and considerably computational demanding fangnlearning algorithms.
Cross validation, for instance, is usually used to perforodeh selection. In cross
validation, the data are separated into multiple subsats$) ef which will be used to
evaluate the performance of the model trained using theofetbte data. Since this
involves multiple runs of training algorithms and usualbguires large amounts of
data, cross validation is not desirable when complex maatelsreeded and few data
are available.

Secondly, even with the simple model such as K-means, ituallysdifficult to
come up with the suitable value of parameters, for exampéntmber of clusters by
just looking at the data, especially a complex and high-dsianal data. Although
various preprocessing techniques can be employed to haedimipary insight of the
data, these techniques are limited in that they can onlyucasiome parts of the data
and ignore many details that might be useful. As a resultfitiag choice of the model
cannot be based entirely on these techniques.

Another drawback of such a parametric form of the model noeetl earlier is
that they do not allow the size of the model to grow as we olgserere data. That is,
once we choose a specific model for the available data stdy# §ixed throughout the
learning process. In a clustering problem, for instanceedhe number of clusters
is specified, it will not change even if more data is gathefidte model is not able to
cope with the increasing number of data. In other words, oinepdexity of the model is
fixed and is not able to grow with the data size. This is not #sedn many situations,
e.g., we would expect an increase in the number of clustensié data are observed.

From the probabilistic perspective, more expressive fihilstic representations
to overcome the aforementioned limitations of the paraimetiodels are needed. The
conventional probabilistic modelling such as graphicatels, which defines the prob-
ability distribution over the simple fixed-dimensional dam variables, is no longer

sufficient. The flexible probabilistic representationst thifow us to work with more
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general objects such as lists, trees, and partitions neled tonsidered. Furthermore,
for the effective exploitation of this flexibility, these vel representations should also
allow easy-to-derive efficient learning algorithms.

In fact, the framework of the Bayesian nonparametric modevViges this kind
of flexibility. In this framework, the prior and posterioreano longer restricted to the
probability distributions, but are general stochasticcpsses. The stochastic processes
can be defined as an indexed collection of random variablbsrenthe index set is
allowed to be infinite. Moving from simple probability digiutions to general stochas-
tic processes provides the possibility to manipulate theatb in infinite-dimensional
space. Consider the case when the index set is the continaedsm vectors € R¢.

If we further assume that the output of a random functionR¢ — R for any finite
subset of input points is normally distributed, this is alvkelown Gaussian process
(GP) (Rasmussen and Williams, 2005). Note that the stochasicess is defined as
a collection of random variabldsf(z)} for each possible value of. In other words,
we can directly define a prior over a space of functions usied3P. Together with the
well-defined likelihood, the posterior distribution ovandom functions can be easily
obtained via a standard Bayesian methods. This examplerdgrates the possibility
to update the prior stochastic process into the posterehsistic process in inference
just as we do with the parametric distributions used in atas8ayesian analysis.

An important basis for the prospect of Bayesian nonparametodels is the
concept of exchangeability introduced by Bruno de Finefle Finetti's theorem
(Aldous, 1985) states that an infinite sequence of randomablas( X, Xs, ...) is said
to be infinitely exchangeable if for any finite cardinal numbeand permutation, we
havep(zy, 2, ..., on) = P(Tr1): Tr(2), ---» Tx(v)), Wherep is a probability mass func-
tion. It is equivalent to say that any finite subsets of theselom variables is invariant
to permutation. Formally, the general De Finetti's theostates( X, X5, ...) are in-
finitely exchangeable if and only if there exist a parametnizdel p(x;|@) for some
parametef and a probability distribution fof with a densityp(€) such that the joint

density of any subsets of those random variables can beewatt

p(1, 3, o ) — / [To(l)p(@)de) (1.1)

It follows from Equation[(1.11) that the joint distributigi(z;, x, ..., zx) is invariant
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to permutation as the order of random variables does nattéfie value of the joint
distribution. A more intriguing interpretation of this thiem states that if observations
are exchangeable, there must exist an underlying paramede corresponding prior
probability distribution, such that these observatiomsiadeed a random sample from
some models specified by this parameter. In this contexte tiseno restriction that

6 should be a finite-dimensional object. Thus, by considetirggparameteé as an
infinite-dimensional object ang as a stochastic process, it clearly follows that the
inference over infinite-dimensional objects is amenablbéBayesian approach.

This work focuses on one of the nonparametric Bayesian reddewn as the
Indian Buffet Process (IBP), the goal of which is initially provide a flexible proba-
bilistic modelling for sparse latent feature models (Gh#iand Ghahramani, 2005a).
Unlike the probabilistic mixture model, each data point barassociated with multiple
binary latent variables. In IBP, there can potentially beirdmite number of latent
features. This representation is appropriate when therenaitiple overlapping clus-
ters or each data point may simultaneously belong to sectrsters. In the same
way as GPs induce the distribution over functions, IBP pesithe distribution over
the binary matrices where rows are data points and columenatent features. The
number of columns may potentially be unbounded, which alowore flexibility in
inferring the latent features from the data. Thus the IBP e used successfully
to extend some parametric models such as factor analyssld¥?and Carin, 2009)
and independent component analysis (Knowles and Ghahra®@7). Moreover, the
success of IBP has also been demonstrated in diverse figglimg binary matrix
factorisation |(Meeds et al., 2006), cognitive science (Awgeil and Griffiths, 2008;
Navarro and Griffiths, 2008), and bioinformatics (Chu et2006).

There have been attempts to develop more sophisticatecareonptric Bayesian
models on top of IBPs so that the complex structure undeglyire data can be
captured more effectively. In_Doshi-Velez and Ghahrama000), for instance, the
authors propose a generalisation of IBP that is able to mtgelcorrelated latent
features. The phylogenetic IBP_(Miller et al., 2008) pr@sdhe non-exchangeable
prior for infinite latent feature model in which the prior kmedge about the rela-
tionship of objects using a tree structure can be incorpdral three-parameter ex-

tension of IBP |(Teh and Goérir, 2009) exhibiting power-lavh&&or can be used to
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model word occurrences in document corpora. Additiondhyg hierarchical mod-
elling (Teh and Jordan, 2010) is a major extension of nompatac Bayesian models
to coupling a set of parameters through a shared underlyangnpeters, a basis for
many applications| (Courville et al., 2009; Rai and Daumg&2008;  Teh et al., 2006;
Thibaux and Jordan, 2007). In accordance with the genenagtdan nonparametric
framework, the introduction of stick-breaking represénta(Teh et al., 2007) for the
IBP, as well as the beta process (Thibaux and Jordan| 200Reade Finetti mixing
distribution underlying the IBP establishes the connex&ito other Bayesian nonpara-
metric models.

Nested modelling, unlike hierarchical modelling, allowsnea complex models
to be built from simpler components. In this thesis, the egdndian buffet process
(nIBP) is explored, which is closely related to the nesteth€$e restaurant process
(nCRP) (Blei et al., 2010). Both of them specify a generagik@babilistic model for
tree structure. Unlike the nCRP, in which each object cpoeds to a single path
down the tree, the nIBP allows each object to possess nuifigths constituting a sub-
tree. Since few works focus on nested models, particuldB¥none of the goals of
this thesis is to study the nesting strategy in the nonparar®ayesian framework.
various characteristics of nIBP and explicit comparisane@RP are discussed. By
understanding its theoretical properties, we expect tav drere attentions to niBP,
leading to the development of potential applications ugiigymodel.

As an example, we also develop the infinite Independent Swespnalysis (iISA)
to illustrate through a particular application how nIBP rabchn be applied in practice
and explore the strengths and weaknesses of nIBP. Manynt&aoéIndependent Sub-
space Analysis (ISA) have been developed in the contextinfl [dource separation
problems. Unlike Independent Component Analysis (ICA)iclassumes that all hid-
den sources are mutually independent, the ISA mitigatssdbmstraint by allowing
some hidden sources to be dependent. The independencepsissuisthus imposed
on the groups of dependent sources (subspaces) insteatividiral sources. However,
in traditional ISA models, the number of subspaces and thsgace dimensions must
be specified. Additionally, it is not clear how to generatise ISA models to instances
when subspace dimensions are not equal. By using the nIBHSA model instead

allows the number of subspaces and their dimensions to beundled. The optimal



setting can then be inferred from the data.

The remaining of this thesis is laid out as follows:

Chapter 2 Indian buffet process

An overview of the IBP, including a discussion of its relevartensions.

Chapter 3 Infinite independent subspace analysis
A discussion of blind source separation problems that casob&d using inde-
pendent component analysis and independent subspacsianalyis includes a
review of the infinite ICA model and an introduction to the parametric version

of ISA model called the iISA based on the nIBP, which is them@@ntribution
of this thesis.

Chapter 4 Inference

The derivation of the conditional probabilities of variablin the infinite ISA

model used for inference, including a proposal for the usth@Markov chain
Monte Carlo (MCMC) method for this model.

Chapter 5 Experiments and analysis

The experimental results on both synthetic and real-wodth,dincluding the

problems found in the experiments, and the advantages aadwdintages of the
model.

Chapter 6 Conclusions and future works

Conclusions of the thesis and a discussion of the posgsilib improve the

proposed model, including further applications of the nIBP



Chapter 2

Indian Buffet Process

The Indian buffet process was first proposed in Griffiths ahdl@amani (2005a) for
infinite latent feature models, which is then extended to e-parameter family in
Ghahramani et al. (2007). Then lin_Thibaux and Jordan (20&,beta process is
shown to be the underlying de Finetti mixing distributiontloé IBP. Teh et al. (2007)
derives a stick-breaking construction and develops aneftislice sampling inference
algorithm for the IBP. The IBP has been successfully apphecdarious applications,
some of which include inferring hidden causes (Wood et 8063, choice models
(Gorur et al., 2006), modelling dyadic data (Meeds et alb&0modelling the sparsity
structure in the latent variables (Knowles and Ghahran284i7), overlapping cluster-
ing (Heller and Ghahramani, 2007), similarity judgemerdybiro and Griffiths, 2008),
matrix factorisation! (Wood and Griffiths, 2006), and linkegiction in relational data
(Miller et al., 2009).

The IBP relies on the assumptions of independence betwéeanmt fi2atures and
exchangeability of samples, which limits its uses in margcpcal domains. There
have been many attempts to extend the capability of IBP iardalovercome this lim-
itation. |Doshi-Velez and Ghahramani (2009) generaliselBfe for correlated latent
features by imposing the hierarchical structures. A simdea is also proposed by
Courville et al. (2009). In this work, the authors introddbe unbounded layers of la-
tent factors where the correlations between latent faatdiee layer below are induced
via the noisy-or mechanism. In these hierarchical modelsetations reflect a higher
layer of structure. A recent work also extends the IBP forelated observations that
are non-exchangeable. The phylogenetic IBP_(Miller e2&l08) models the similari-

ties among observations by a tree, resulting in a non-exggesie prior. In this model,



2.1. Background 9

the sharing of features between two samples is driven by migttbe popularity of
features, but also the similarity of those samples.

Following several theoretical studies and practical useshoerarchical nonpara-
metric Bayesian model, a nested model is one extension @éminbt been exten-
sively studied. The nested model was first studied in theestrmif Dirichlet process.
Abel et al. (2008) proposed the nested Dirichlet process, dsed in multicenter stud-
ies. With the nested Dirichlet process, data in each cemnigittze centers themselves
can be simultaneously clustered by borrowing informatioross centers. A similar
idea is adopted in multi-task learning for the infinite Hidddarkov Model (IHMM)
(Nietal., 2007). Imposing a nested Dirichlet process porthe base distributions
enables the simultaneous performance of both task-lewstarsing and data-level clus-
tering. Another interesting extension of nonparametrig€ds&an models is the nCRP
(Blei et al., 2003, 2010), which is proposed in the contextagics modelling. The
NCRP is used as a prior on trees with infinite depth and infméaching factors that
represent the topic hierarchies of document collections.th® amount of literature
indicates, there has been much works, both in theory andigmbepplications, par-
ticularly compared to those in the hierarchical nonparam&ayesian models. It is
therefore very beneficial to further investigate the theoaéproperties and potential

practical applications of the nIBP.

2.1 Background

The Indian buffet process (IBP) provides a powerful appihdacdefining the factorial
representation in probabilistic modelling. As opposedhtorhultinomial representation
used in classical mixture models, the factorial represemigrovides each data point
a set of binary latent variables. A movie, for instance, maydescribed by a set
of genres, such as action and comedy. Since a single movibecaategorised into
multiple genres, each movie is associated with the binatyed vector whose elements
indicate which genres the movie belongs to, that is, the ehns 1 if the movie is in
the corresponding genre and 0 otherwise. If the maximum reuwitactive elements is
1, this will correspond to the multinomial representatidmene each movie is assumed
to be in only one genre. Therefore, in addition to a naturtrpretation of featural

description of the objects, factorial representation @savides a way to define the
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similarity between objects by looking at the number of feasithat two objects have in
common. Additionally, the factorial representation is smpowerful than multinomial
representation, as the total number of clusters inducelidfattorial representation is

2K 'whereK is the number of binary latent variables.

2.1.1 Aninfinite feature model

In this section, a parametric model with a finite number ofdezs K is defined. The
nonparametric model with infinite number of features is tberived by takingk’ —
oco. Assume that there ar& features and the possession of featkiriey object: is
indicated by a binary variable,. Each object possesses featkirgith a probability of
7, and whose features are generated independently. The biswdaplez;, is generated

according to the following generative process:

T~ Beta(%, 1) 2.1)
Zik|me  ~ Bernoulli(7y,) (2.2)
Given N data points, this process will generate a bimgdry K matrix Z whose rows

and columns correspond to the data points and featuregatasgly. Since features are

generated independently, the probability of maHigiven the vectotr is

N

=1

P(Z|x) =

(1 — )N (2.4)

g
IS

wherem;, = ZZ | zir. IS the number of objects that have featuire The marginal
probability of a binary matriXZz can be obtained from Equation_(R.4) by integrating

over all values forr.

Pz = [] / <HP<zikm>) P(m)dmy (2.5)

B(mk+%,N—mk+1)

I
= T

1 BET) (2.6)
e mk+ OD(N —my + 1)
a H 4+ N+1) @1

The distributionP(Z) is clearly exchangeable as it depends on only the coynt
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10 20 30 40 10 20 30 40

Figure 2.1— The binary matrixZ and its left-order form

Instead of defining the distribution over binary matricés more natural to define
the distribution on the equivalence classes of binary megrivhich have the same left-
order form. The left-order form of matriX is denoted byof(Z) and can be obtained
by treating columns of the binary matrikas binary numbers with the first row as the
most significant bit and ordering them from left to right bgittmagnitudes. That s, all
binary matrices in the same equivalence class correspoti teame left-order form.
Figure 2.1 shows the binary matrix and its left-order forrhehotion of the equivalent
classes defined by the left-order form is beneficial to infeessince the columns of the
binary matrixZ and other related objects can be rearranged without affgtiie result.

To facilitate the derivation of infinite cases, the histofryeaturef is defined using
the decimal values expressed by the columnZ.oAt object: features can have one
of 2¢~! histories. Denote bys,, the number of features possessing the histonyith
K, being the number of features for whieh, = 0 andK, = S22 ;! K, being the
number of features for whictw,, > 0. Following (Griffiths and Ghahramani, 2005a),

the probability distribution over the equivalence classigsinary matrices|Z], is

P(z]) = ) P(2Z)

_ K! 'ﬁ(a/K)(mk+(a/K))F(N—mk+1) 2.8)

N _
el LN + 1+ (a/K))

By taking the infinite limitX’ — oo, the distribution defined in Equation(2.8) becomes

) o+ K+ N —mi)l(mg — 1)!
I}lm P(Z)) = —x—— exp{ —aHy} H ( k])\[(' e 1) (2.9)
e -1 Kn! k=1 '
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N 1

where Hy is the Nth harmonic numberHy = Zj:l i

This distribution is again
exchangeable as it depends on data only through the eountThe details of the

derivation of this distribution can be found in (Griffithsca@hahramani, 2005b).

2.1.2 Indian buffet metaphor

The process that generates the binary maifisom IBP can alternatively be understood
using the Indian buffet metaphor. In the Indian buffet resdat, it is assumed that there

is an infinite number of dishesV customers enter the restaurant one after another. The
first customer choosd®oisson(«) number of dishes. Given the history of customers
for each dish, the probability that the subsequent custemv@l choose a particular
dish is proportional to the number of customers that haveigusly chosen that dish.
Thus thei-th customer chooses digtwith a probability of =+, wherem;, is the number

of previous customers who sample dfshin addition to the dishes that have already
been sampled, the customer also trié®ason($) number of new dishes.

If each row and column of the binary matixis the customer and the dish, respec-
tively, the above generative process will produce the gplairsary matrix according to
IBP. Nevertheless, neither the rows nor the columns of mdtare exchangeable. The
inference can be performed by treating the current data psithe last customer in the
buffet.

2.1.3 A two-parameter extension

According to Equatior (212), the distribution of the numbéfeatures is characterised
by «. Specifically, the distribution on the total number of feagiand the number of
features per object are coupled throughTo remove this undesirable constraint, the
two-parameter extension of IBP is proposed in Ghahramaali €2007), which can be

defined as follows:

T ~ Beta(%,ﬁ) (2.10)

Zik|me  ~ Bernoulli(7y,) (2.11)

A two-parameter generalisation allows the average numbkatures per object and
the total number of features in a set’dfobjects to be tuned independently. The average
number of features per object is characterisedbysing 3, the model can be defined

such that the overall number of features can range fiorvhere all objects share the
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same features, t& «, where no features are shared at all. Thus we can tune thallover
number of features while maintaining the average numbegatiifes per object at

To see hows affects the overall number of features, that is, the nunfberof
k with m;, > 0, consider the expected value of the overall number of featuOne

obtains directly from the buffet interpretation that thstdbution of K, is Poisson with

N B

meanK+ = aZizl m

The expected number of features used therefore increases
asp increases. For a fixed number of objedtsone can see th&f , — Na asp — oo.

In this limit, no features are shared amaNgbjects. Converselys, — o asj — 0,

in which all objects share the same features as the first osaa &sult,5 affects the
feature vector variance. At small valuesfobjects tend to share more features, so
the feature vector variance is low. However, at high valdes, ohe probability of two

objects possessing the same feature is low, which resuiiglirfeature vector variance.

2.1.4 Completely random measure

Consider a measure spade, .4), where(2 is a measurable space adda o-algebra.
A random measure over (€2, A) is a stochastic process whose index setlisFor
any setd € A, u(A) is the random variable. A completely random meaguie a
random measure such thatA) andu(B) are independent for any disjointed subsets
A, B e A

Consider a simple way to construct a completely random nmedsam the non-
homogeneous Poisson process (Kingman, 1967). Given agrsdace(), R) and a
o-finite product measurg which is treated as the rate measure for a non-homogeneous
Poisson process, draw a sample;, p;)} from this Poisson process. Next, a measure

G on(is formed using this sample, as follows:
=1

where{w;} is the atoms andp;} is the weight associated to each atom. Related to
the IBP is a completely random measure called beta process.rafe measure of
beta process is a product of an arbitrarfinite measure3, on €2 and an improper
beta distribution or{0, 1), which can be defined far > 0 asn(dw, dp) = cp~ (1 —

p)¢tdpBy(dw). The resulting completely random measure thus can be wite

B=Y pi, (2.13)
i=1
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wherep; € (0,1). The random measutB is said to be drawn from the beta process

with a concentration parameter- 0 and a base measuf if it is generated as
B ~ BP(c, By) (2.14)

From Equation[(2.13), a draw from the beta process is simphyllaction of atoms in
2, each of which is associated with a weightdrawn from a beta distribution whose

parameters are defined by the concentration parametst the base measukz.

2.1.5 The Bernoulli process

It is natural to see a draw from beta process as a collection of coin-tossing probabil-
ities. If coins are tossed independently, the following ptetely random measure is

obtained:
Z =Y b, (2.15)
=1

whereb; are independent Bernoulli variables with the probabilitstt;, = 1 is p;. It

is possible to se@ as a set of potential features. A draw from the beta process th
encodes the probability for each feature to be active. Bexahas infinite mass near
zero, infinitely many atoms if2 will be assigned small weights. Therefore, only the
finite number of features will be active in a draw from the Barrii process. Using this

formula, we define a dray from Bernoulli process as follows:

B ~ BP(B) (2.16)
Z|B ~ BeP(B) (2.17)

whereB, is the base measure defining the initial set of atoms. Thegbibty p;, associ-
ated with each atom in a drai® from the beta process can be considered, aefined
in the IBP. This shows the connection between IBP and Betad®#li processes. In-
deed, the beta process is shown to be the underlying de iFimgihg distribution of
IBP (Thibaux and Jordan, 2007).

2.2 Hierarchical beta processes

Hierarchical modelling has been used within the framewdrBayesian nonparamet-
rics (Courville et al., 2009; Cowans, 2004, 2006; Doshievehind Ghahramani, 2009;
Teh et al., 2006; Thibaux and Jordan, 2007; Xing et al., 2006} lassical parametric
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models, it is possible to think of hierarchical modellinggasay to build hierarchies on
finite-dimensional parameters. Bayesian nonparametribetsalso incorporate these
parameters and thus hierarchies can be built. In the framkesidBayesian nonpara-
metrics, however, it is more common to build the hierarcbidgke infinite-dimensional
parameters of nonparametric models as it results in inecefexibility and ease of in-
terpretation of the models.

The fundamental elements that form the basis of the hieikcimodels are
the completely random measures discussed in Section 2Shdcifically, the set of
completely random measurgsq,, Gs, ..., G, } are conditionally independent given
a base measur€&;, which is itself a completely random measure. For instance,
the Hierarchical Dirichlet Process (HDP) (Teh et al., 200&) be used to model re-
lated groups of data simultaneously, where each group itmbdelled as a DP
mixture. Since these groups of data are related, it is usefegbuple the underly-
ing random measures through the hierarchies. In Hieraatieta Process (HBP)
(Thibaux and Jordan, 2007), the underlying random measueesimply the beta pro-
cesses.

The HBP can be defined as follows:

B ~ BP(Co, B(])
B, ~ BP(c,B) Vj<M

Zi; ~ BeP(B;) Vi<M,; (2.18)

whereM is the number of groups and there &g individuals in groupj. Consider
when the measurB, is discrete. A drawB from the beta process has atoms at the same
locations as3,,. As the random measursg;;, for each group shares the same base mea-
sure,3, which renders alB; to be related to each other, there are some overlaps among
the atoms chosen in the different groups. The degree of c@upktween groups, i.e.,
betweenB;, is controlled by hyper-parameterFor larger values of, B; are closer to

B and thereby have more atoms in common.

2.3 Nested beta processes

Hierarchical models in Bayesian nonparametric couple iplaltrandom measures

through the common base measure, providing a way to shamsamong random



2.3. Nested beta processes 16

measures. This gives the flexibility to model the relatedigeoof data. It is also worth-
while to consider the nested structure when atoms are dedardo non-interacting
groups. In this case, the random measures have a unique atetnas and thereby do
not share atoms with other random measures. Nesting statatiow the complex
model to be decomposed into several simpler componenthwh&y be solved more
easily. Lack of coupling among random measures simplifiegrtference algorithms
and allows the use of the divide-and-conquer strategy immtieeence.

The first model that makes use of the nesting strategy is tiseedieDirich-
let process (NDP)_(Abel et al., 2008). In this model, the eszilbn of distributions
{G, ...,G;} is said to follow the nDP ii7; 8 Qwith @ ~ DP(aDP(5H)), which
can be thought of as a DP where the base measure is also a DpBsging the nesting
structure, each draw from nDP is a stochastic process. Dinetdiscrete property of
DP, with probability one, some of the stochastic processasmfrom nDP are identi-
cal. Therefore, the nDP induces the clustering of stoohasticesses. If each stochas-
tic process is used to model the data, it will also induce thstering of the data as the
stochastic process is simply a DP. As a result, the nDP irgdiheeclustering of groups

of data as well as the data in each group simultaneously.

Specifically, the two-level nDP can be written in the follogiforms:

G ~ ZWZ(SGZ
k=1

Gr = > s, (2.19)
j=1

where the weight§n,;} and{7;} are defined as in Equation (2112). From Equation
(2.19) it can be seen thétis a draw from DP where the atoms in the measure space are
the DPs(;. Thatis, itis selected among an infinite set of compong@ts. Moreover,

the atoms associated with lower-level DPs are distincthd\lgh the model defined in
Equation [[2.1B) considers only two levels of DPs, the nDPataa be extended to an
arbitrary number of levels.

Abel et al applied the nDP in the multicenter studies. Witk tiDP, data in each
center and the centers themselves can be clustered siemiltsly by borrowing in-
formation across centers. A similar idea is adopted in ntaftk learning for infinite
Hidden Markov Model (iIHMM) (Ni et al., 2007). Imposing the ROprior on the base
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distributions allows task-level and data-level clustgiimbe performed simultaneously.
In contrast to the hierarchical DPs, the atoms are shargowdrn upper-level groups
fall in the same cluster.

The same nesting structure is applied in the nested Chimssaurant process
(nCRP) (Blei et al., 2003, 2010), which is proposed in thetexinof topics modelling.
The nCRP metaphor involves a set of restaurants organissmdacg to branching
structure which forms a tree whose nodes represent restaurAll customers enter
the restaurant at the root node and select the table acgalthe usual CRP. Associ-
ated with each table in the restaurant is a note providingtitgess of the restaurant
where the customers will visit next. The repetition of thisgess will yield a tree with
infinite branching factors and infinite depth, where the palbwn the tree correspond
to customers. There will be up 19 paths if there aréV customers, as some paths may
be selected by multiple customers.

The same nesting strategy can also be applied for beta groCiess the two-level
nested Beta process (nBP) can be formally defined as:

B ~ BeP (i p;53;>

k=1
00

By = Zpkﬂekj (2.20)

j=1
where the weightgp;} and {p;;} are defined as in Equation_(2113). The intuition
behind the nested BP is similar to what has been discusseferMore specifically,
the two-level nBP defined in Equatidn (2120) is the beta meaer an infinite set of
atoms, each of which is itself the beta proce8$, In resemblance to nDP, a finite
number of beta processes are selected among an infinite betaoprocesse$ B}, }.
However, the draw from Bernoulli proceds, will be a finite collection of components,
as opposed to nDP, where the draw from DR;onsists of only a single component.
The nBP can also be extended to an arbitrary number of levels.

An extension of IBP to nIBP can also be obtained using the saefiaition of
NCRP. The idea of nIBP can described using the Indian bufegaphor. Customers
visit a city in which there is an infinite number of Indian ketfrestaurants. For each
restaurant, each of dishes is uniquely provided by ano#staurant. Assume that

there is a single restaurant that does not provide its distmyoother restaurant. Thus
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Figure 2.2— The graph and binary matrices generated by the nIBP

this restaurant will correspond to the root of the tree. Th&t@mer starts at the first
restaurant choosing some number of dishes. Associatedeadh dish is a note indi-
cating which restaurant it comes from. After trying the aosglishes, on the next day,
the same customer goes to the restaurants that supply thesdie has chosen. He
chooses the dishes and repeats this process forever. Sebsegstomers enter the
first restaurant and follow the same process as the previ@isroers.

Figure[2.2 illustrates the nested Indian buffet restaypamtess with 3 customers.
The figure shows the tree constructed from the nIBP and thegonding binary
matrices generated at each level of the tree. The disheeaotat! as nodes in the tree,
although they can also be interpreted as the Indian restasuraccording to this, the
root node of the tree has no significant role. The numberstoedch node indicate the
customers that have chosen the dishes. The first custoners ¢he restaurant at the
root node choosing dishe§ B, andC'. Therefore, the entries in the first row of the top
binary matrix will be active. The customer then proceedsortext level and choose
more sets of dishes based on the dishes from the first levam At the dishesD and
E are chosen by the first customer. Frémthe customer selects the disiésand H.
Thus the entries in the lower-level binary matrices acewydo the first customer and
the chosen dishes will be active as illustrated in the figlttete that the third row of
the second lower-level binary matrices is empty as the thusiomer does not choose
dishC.

The previous example of the nIBP indicates that the custen@ar choose multiple
paths down the tree. This is the key difference between nGRPHP. Although both

processes can be used to define the distribution over tréegmite branching factors
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Figure 2.3 — the distribution over paths (left) and sub-trees (righiried by nCRP and

nIBP for a fixed tree

and infinite depth, for a fixed tree, the nCRP induces theiligton over all possible
paths down the tree, whereas the nIBP induces the distribatver all possible sub-
trees. This difference is illustrated in Figlrel2.3. Notatthaths are also contained in
a set of sub-trees. Thus which model is more appropriaterdispen the choice of the
applications.

It is also worth mentioning the interpretation of parameterthe nIBP. Recall
that the average number of features per object and the bweiraber of features are
characterised by and 3, respectively. Denote byo;;, 5;;} the parameters of the
IBPs at thei-th level of nIBP fori = 1,...,00 andj = 1,..., P;, wherePF,; is the
number of IBPs at thé-th level. At a particular node in the tree,; and3;; define the
average branching factors per object and the overall bragdactors. Consider when
;; and g;; are drawn from a common distribution with meansnd 3, respectively.
The variances are assumed very small, such that all drawstfie distributions are
roughly equal. Therefore, the roles ff,;, 3;;} can be discussed usiagand3.

Assume that parametefs;;, 3;;} of the nIBP are obtained throughand3. The
average branching factors of trees drawn from this nIBR i§ N trees are drawn from
this distribution, the values ¢f control the overlap among these trees. At small values
of 3, the trees tend to overlap, that is, they share a high numbgeatbs down the
tree. Conversely, at high values @there is a high degree of feature repulsion for the
IBP associated with each node, with the probability of tvea& sharing the same path
being low. Note thatv and3 are used only to simplify the analysis. It is also possible
to define the distribution ovely;;, 5;;} separately for each level, or even for each node,
in the tree. In which case, the average branching factorshegrobability of two trees

sharing the same path will be different at each level and eade depending on the
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Figure 2.4— The trees sampled from nIBP with different valueq af;, 3;; }

values ofa;; and ;;, respectively. How to choose appropriate strategy forcating
the distributions ovef;;, 5;;} depends on the applications.

To illustrate effects of nIBP parameters, several sampten hIBP are generated
with different parameter settings. The trees induced bgdlsamples are depicted in
Figure[2.4. A straightforward generative model is used #evis. Firstly, draway;
andp;; from the priors and then draw a binary mat#x, from the IBP with these pa-
rameters. Secondly, for each columr¥af, a new binary matrix is drawn from the IBP
with parameters drawn from their priors. That isZifi hasM columns, draw)/ binary
matricesZs, ..., Zy; independently from IBP. Then each column of the new matrices
is treated as a root node of the sub-trees, which will be geéeerby the repetition of
these steps. In this example, the process is stopped atdtefppred depth of the tree.
Despite, this generative process requires a great amogohgbutation, as the number
of nodes grows exponentially with respect to the depth ofttbe. Therefore, it is of
interest to find an alternative way to sample from the nIBReifitly and compare this
process with some existing stochastic processes such beatiehing process.

For each sample from the nIBP, the common priors are defined{oy;} and
{Bi;}. These parameters are drawn from the Gamma distributiadhsdifferent shape
and scale parameters, as shown in Figuré 2.5. okdhe scale parameter is fixed at
f = 0.3 and vary the values of shape paramétewhile the shape parameter is fixed

at 1 and the scale parameter variesgoThe maximum depth of all samples is 2 and
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Figure 2.5- The different distributions ovet and 3, which are drawn from the gamma

distribution with shape parameterskirand scale parametersén

N = 5. Therefore, each tree shown in Figlrel 2.4 will consist of &tapping sub-trees.
For each distribution over and 3, 6 trees are generated, resulting in a total of 54 trees.

As shown in Figuré 2]4, diverse tree structures can be obdemdowever, iden-
tical tree structures can also be observed in this set of lesmRecall thatv and 5
affect the average number of features per object and thalbvemmber of features,
respectively. Consider whety = 1 andk, = 2.4,6 in which the Gamma distribu-
tion with high value ofk,, tends to concentrate more on largerWith large values of
«, the sampled tree tends to have a high branching factoruasréted in Figuré 2]4.
Changing;; also affects the branching factor of the samples sihcan be interpreted
as the degree of features shared between objects. With Srealhumber of features
are shared among all objects, so the branching factor ioappatelya. However, for
large values of3, the overall number of features is increased to preservavbamge
number of features ai. These cases are illustrated in Figure 2.4 when the valugs of
vary.

To the best of our knowledge, although some application<Git have already
been proven successful, there are still no concrete appinsaof the nIBP. In Chapter

[3, an extension of the ISA using the two-level nIBP is proplose



Chapter 3

Infinite Independent Subspace

Analysis

This chapter discusses the Independent Component AnglZA$ and Independent
Subspace Analysis (ISA). The proposed nonparametric madeéSA, which is called
the infinite Independent Subspace Analysis (iISA), usirggrtiBP is also introduced.
The chapter begins with an introduction of the basic ICA meael related works. A
natural extension of ICA is then proposed in the followingte®. In this chapter,
ongoing theoretical researches and applications of ISAyedkas its limitations, are
reviewed. To overcome these limitations, we propose th@a@metric ISA model,
which offers more flexibility in learning the hidden struita in the data and can there-

fore be applied in a wider range of applications.

3.1 Independent component analysis

ICA has been extensively studies for decades (Comon, 188énJand Herault, 1991).
Itis one of the most widely used methods for performing bsodrce separation (BSS),
which aims to recover unknown independent signals frommiesdinear superposition
of them. For example, consider the cocktail-party problemwlhich you are at a party
with a number of people. There are several microphones fardiit locations in this
party that are used to record the conversations among teegéep Given the recorded
signals from these microphones, you are interested in @kigathe speech signals
emitted by individual speakers or identifying the speegmails of particular speakers.
The recorded time signals from the microphones can be deyte; (), wherei =

1, ..., N and the speech signals of each speakes,$), where; = 1,..., K. In this
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case, there ar& microphones and( speakers. Each of these recorded signals
can be expressed as a linear combination of speech sigtalshat can be written as

a linear equation:
.I‘Z(t) = ailsl(t) —+ CLZ'QSQ(t) + ...+ CLZ‘KSK(t) s (31)

wherea;, ..., a;x are the coefficients. The goal of BSS is to recover the signaisd
the coefficients,;.

Although the statistical properties of source signals arknown, it has been
shown that the assumptions of statistical independencenangaussianity of source
signals suffice for most practical applications. Under ¢hesnditions, the source sig-
nals can be recovered up to a permutation, scales, and siGAshas been proven
successful in many applications, including separatingaats in MEG data, finding
hidden factors in financial data, reducing noise in naturelges, and inferring gene
signatures from the gene expression data. There is, hoywergrlittle knowledge on
mixing matrix and assumptions on the source signals need ndule.

The general assumption of ICA is that the observed gatan be written in terms

of a linear superposition of independent hidden sourceas
yi =XA+ € (3.2)

where A is the mixing matrix anck, is Gaussian noise. Note that only the random
vectory, is observed and botk, and A must be estimated from the data.

The most important assumption regarding the hidden soumd€3A is that they
are mutually independent. That i¥, random variables, ..., z)y are said to be mutu-

ally independent if and only if the joint pdf can be factodseto the following way:

N
p(ry,...,TN) = Hp(xz) (3.3)

Another form of independence is uncorrelatedness. Twabbas are said to be uncor-
related if their covariance is zero. If the variables arepehdent, they are uncorrelated,
but not vice versa. Due to this property, many ICA algorithoosstrain the estimation
procedure to give uncorrelated estimates of the indepérmgnponents. Moreover,
the data is usually preprocessed to remove any correlatithreidata before the appli-

cation of the ICA algorithms. Thus, in the noiseless caseyeat to find thedemixing
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matrix W such that

gives the components that are maximally mutually independe this situation, it was
shown by Comon that the mixing matri is identifiable up to scaling and permutation
if at most one source is Gaussian (Comon, 1994). Intuitivebngaussianity of the
sources implies independence due to the Central Limit Tereoi herefore, the sources
could be recovered by taking &8 a matrix that maximize the nongaussianityyWw .

Several quantitative measures of nongaussianity have Umsshfor ICA estima-
tion. The kurtosis or the fourth-order cumulant is a claasieeasure of nongaussianity.
Althought kurtosis is theoretically and computationalignple, it can be very sensi-
tive to outliers, and therefore not a robust measure of nasgjanity. From the per-
spective of information theory, negentropy is another intgagat measure of nongaus-
sianity based on the differential entropy. It is known the entropy can be used to
measure the degree of information provided by the randomahas. Since a Gaus-
sian variable has the largest entropy among all random blasaof equal variance
(Cover and Thomas, 1991), the entropy can be used as a medsuvagaussianity.
Negentropy is the differential entropy of a componeniminus the differential entropy
of a Gaussian component with the same covariance. Thus|ways positive and zero
only if the component is Gaussian. Negentropy is a stabiemast (Hyvéarinen, 1999b)
but difficult to calculate. Therefore, the ICA estimatiomften based on an approxima-
tion of negentropy. In addition to the kurtosis and negeptrthe independent sources
can be recovered by minimizing the mutual information, whtan be defined using
the differential entropy. Itis a measure of dependency eetwandom variables. It can
be shown that finding the independent sources by minimiziegrutual information
is roughly equivalent to maximizing the negentropy (Hyxaan, 1999b).

Another important approach to ICA estimation is theaximum likelihood
(Belouchrani and Cardoso, 1995; Karvanen et al., 2000; Ph8é®). In this frame-
work, one begins with the probabilistic model which assignprobability density
p({x;}|W) to the data se{z;} (See, e.g., Pham (1992)). Then we find the demix-
ing matrix by maximizingp({z; }|W) with respect toW using standard approaches
in optimization, e.g., stochastic gradient descent (PRaa#tbr and Parra, 1997).

The maximum likelihood method was shown to have close cdiorex to sev-



3.2. Independent subspace analysis 25

eral methods in ICA estimation. For example, several workardoso, 1997;
Pearlmutter and Parra, 1997) have shown that the maximefhidod method is equiv-
alent to the infomax principle from the neural network viei (Bell. and Sejnowski, 1995)

as well as the mutual information.

3.2 Independent subspace analysis

The important assumption of ICA is that all hidden sourcesmautually independent
which may not be true for some real-world applications. Tdgsumption prevents
the model from recovering the sources that are dependentneraonother. Instead,
in Independent Subspace Analysis (ISA) the assumptionasttiere areM of D-
dimensional independent sources denotecthy.., x* wherex’ € RP. If all hidden
sources are written as= [(x!), ..., (x)] € RPM, the observed data is assumed to be
generated from the generative model identical to ICA shawBquation[(3.R2), where
A € RPMxDM |n the ISA model, we assume thatis independent ok’ for i # j.
Note that the dimensionalitp of eachx’ need not be equal. If the dimensionalities
of M independent sources, ..., xM are D, ..., Dy, respectively, all hidden sources
can be represented asc R”", whereD* = D, + --- + D,,. For the special case of
D; = 1 for all 7, the ICA problem is recovered.

In the ICA problem, given signalg;, the sourcex! can be recovered only up to
sign, up to arbitrary scaling factors, and up to an arbit@eymutation.(Theis, 2004).
The ISA task has even more freedom, the souxé&sn be recovered up to an arbitrary
permutation and aw-dimensional linear invertible transformation. This candeen
by considering matrixC' € RPM*PM made of a permutation matrix of size x D
with each element made af x M block-matrix with invertibleC; blocks places only
to the non-zero elements of the permutation matrix. Tlyes, xA = xC~'CA, and
becausex’ is independent ok’, thusC;x" is independent of’;x’ Vi # j. Therefore,
in the ISA model, matriceA andAC~! and sources’ andC,x’ are indistinguishable.

The first generalization of the ICA model includes the deperds between com-
ponents known as multidimensional ICA (MICA) has been idtrced by Cardoso
(Cardoso, 1998) based on a geometric parameterizatiohodédh providing the gen-
eral framework for the ISA model, no uniqueness results \weesented. Moreover, it

is not clear how to apply MICA to the arbitrary random vectairs a special case of
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equal group sizes (k-1SA), the uniqueness up to permutatiahscaling is not guaran-
teed as itis limited to only random vectors following the geative model of k-ISA. For
an arbitrary random vector, the decomposition into growgssed on the independence
assumption cannot be unique. Later the notionretucibility is presented on which
the uniqueness results (Gutch and Theis, 2007; Theis, 2066)ased in the case of k-
ISA. The combination of k-ISA with invariant feature subspanalysis is introduced
in IHyvarinen and Hoyer (2000). The dependence with a sulespas be modelled
explicitly, leading to an efficient algorithm without perfoing the problematic multidi-
mensional density estimation. Bach and Jordan (2003)dotre the ISA model, which
assumes that the components can be grouped into clustersomponents within clus-
ter are dependent, whereas are independent between slubter ISA mode utilizing
the k-nearest neighbor distance between data points (BRéczbl rincz, 2005) finds

the dependent components by estimating the differenttabpies.

3.3 Infinite independent component analysis

A nonparametric Bayesian extension of ICA is proposed bwias and Ghahramani (2007).
The observed data is modelled by a linear superposif\grof the potentially infinite
number of hidden sources. The infinite binary matrix is usethdicate whether a

given source is active. In infinite Independent Componerdlysis (ilICA), for each

data pointt, a binary vector; is defined to indicate which elements xf are active.

Using the same formula of standard ICA in Equatibn](3.2), dbeerved dat&’ is

assumed to be generated as follows:
Y=(ZoX)A+E (3.5)

whereo is the Hadamard, i.e., elementwise product, &, X, andE are concate-
nated matrices o, z;, x;, ande;, respectively. Note that the data points are arranged
in the rowwise manner. In this model, the number of hiddenesiis potentially un-
bounded, so the number of columns/otan be infinite. However, the actual number of
non-zero entries will be finite. This allows greater flextyias the number of sources
need not be known a priori, but will be inferred from the obserdata.

In this model, the hidden sources has a Laplacian prior with fixed variance as

any variation can be absorbed into elements of mixing makrix The prior of the
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Figure 3.1— The graphical model of iICA model

elements ofA is Gaussian with variancg’, which has an inverse Gamma prior. The
prior on binary matrixzZ is the IBP with parameters and 5. The graphical model of

iICA is shown in Figuré 3]1. The generative model can be surized below.

Ty ~ L(1) Z ~IBP(«,p)
a, ~N(0,0%) 0*>~ZG(a,b)
04 ~ZG(c,d) a ~Gle, f)

The iICA model is implemented in this thesis to evaluate @égfgrmance and to
gain insight that may be useful for developing the iISA mod€he iICA and iISA

models have various shared properties as discussed inSEG.

3.4 Independent subspace analysis using nested IBP

We propose an extension of the ISA model calilefthite ISAwhich is based on the
IICA model. Using two-level nIBP, the proposed model can beduto recover the
hidden sources that are not mutually independent../Leé the number of subspaces,
and denote by(; andK = Zj K the dimension of subspagdor j = 1, ..., J, and the
total number of sources, respectively. Given a set of ilaskeoved data pointsy, } Y,
wherey, € R?, we assume each data point is generated according to thiteinfii

(IISA) model as follows:
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e For each subspage=1, ..., J

— samplev; ~ Beta(%Z, 3)

— for each sourcé =1, ..., K;: sampler;; ~ Beta(o‘;fj . B5)
J

e Foreachrow: = 1,..., K: samplea; ~ N(0,c%1)
e For each data point;,t =1,..., N
— sampleu; ~ Bernoulli(w)
— for each active subspaeg; = 1:
* samplev,; ~ Uniform(0, 1)
* samplez;; ~ Bernoulli(7r;)
« for each active source;y, k =1, ..., K;: sampler;;, ~ £(1)

— samplee; ~ N (0, 021)

=y = 20 wyvg (2 0 xi) Ag] + €

whereA ; is the K; x D mixing matrix andx,; is thel x K; vector of hidden source
signals in subspacg In this generative model, the vectay acts as a binary vector in-
dicating which subspaces are active for the data pointhe binary vectog,; specifies
which source signals are active for active subspace

Let U be the binary matrix with an infinite number of columns crddig stacking
the binary vectony,. Although the number of columns &f is potentially unbounded,
the IBP guarantees that the actual number of columns williagefi Therefore, the
number of subspaces$ for a given data set is the actual number of columndJof
Similarly, for each subspace= 1, ..., J, let Z; be a binary matrix created by stacking
the vectorz,; for data pointt. If the subspacg for data pointt is not active, the-th
row of Z; is assumed to be zero. Thus, the number of active columi@s ebn be
interpreted as a dimension of subspgce

Due to the nesting strategy, some source signals can bedksgahrough the def-
inition of subspaces, i.e., source signals in the same sgbsgre dependent, whereas
those in the distinct subspaces are mutually independdr.sdurce signals become
dependent through the uniformly distributed variable Therefore, the assumption of
independence is imposed on subspaces rather than on waiadurce signals. Fur-

thermore, by allowing the number of subspaces and theirmbioas to be unbounded
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Figure 3.2— The neural network view of the iISA

through the IBPs, the proposed model automatically find fh@rapriate number of
subspaces and their dimensions for the given data set.

According to the iISA model, an entry to the hidden sourceaigs assumed to
be drawn from the double exponential distributiéfl) =  exp(—|z|) and each row
of mixing matrix A is assumed to be drawn from an isotropic Gaussian distobuti
Here, define thé x K vectors; as a block-binary vector whose values in each block

are dictated byi,. To be precise, the definition ef can be illustrated as:

s, = {11..100..0...11..1} (3.6)
— N
K1 Ko K

Blocks ins; correspond to the subspaces. All entries in blpeke 1 if subspace
j is active and 0 otherwise. From Equatidn {3.6), the subspacend.J are active,
whereas subspace 2 is inactive. We also define the vgctorhave the same structure
ass;, but its entries are instead dictated by the entries of veeto This variable
renders the sources in each subspace to be dependent. Mober relevant objects

are defined as follows:

Ay
Z = 241 Zg], X¢ = [Xp.Xeg], A= : (3.7)
Ay
Figure[3.2 illustrates the neural network view of the pragubsnodel. The ob-
served datg; is a linear superpositio., of the potentially infinite number of hidden

sources. In contrast to the ilCA model, the assumption inl8% model is that the hid-
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Figure 3.3— The graphical model for the finite version of iISA model

den sources are separated into several groups, each of wlsizimposed of dependent
sources. The groups can be thought of as the subspaces dganh&den sources.
Thus, the iISA model is essentially the ISA algorithms tisatapable of recovering the
dependent hidden sources where the number of subspaceseandmber of hidden
sources are unbounded.

For the first componeny, illustrated in Figuré 3]2, the first and second subspaces
are active, which is specified by the upper-level IBP. Thenattive sources in each
subspace are specified by the lower-level IBPs. Althoughmheng matrix can be
partitioned into submatrices according to the subspacegssume the identical prior
on these submatrices. For inactive subspaces, e.g., sandrtlird ones in the figure,
the sources in those subspaces have no influence on the ethsermponen; .

Using the definitions in Equation _(3.7), we can write the getiee process of
observed data ag = (s; 0 q; 0 z; 0x;) A + €;, which can be written in the matrix form
as

Y=(SoQoZoX)A+E (3.8)

whereY, S, Q,Z, X, andE are concatenated matricesyf s;, q;, z;, x;, ande;, re-
spectively. The graphical model of iISA is depicted in Figl#.3. Since the value

of hyperparameters are not known a priori, we endow them wiithr distributions
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defined below:
02 ~7IG(a,b) o4 ~IG(c,d)
a ~Gle f) o ~Glg,h)

Another important point to note about the iISA model is thexmmality of the
decomposition (Cardoso, 1998). Assume that the hiddertesxican be decomposed
into three groupgxy, x2,x3}. Then, according to the definition of iISA model, the
coarser decomposition in two groufss; + x», x5} is also feasible. However, the latter
decomposition is weaker than the former as the first groupensecond case can be
further decomposed. Therefore, to avoid trivialitiesAl®odel should be able to find

the finest decomposition, i.e., find as many independenpsuies as possible.
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Chapter 4

Inference

This chapter presents the inference algorithm for the e@alSA model. The con-
ditional probability of each variable in the model is dedver inference using Gibbs
sampling. The MCMC sampling method based on the Metropgddisting update is
also introduced for sampling the active subspace, upd#ati@gumber of sources in
the subspaces, and updating the number of subspaces., ladistgtevant parameters

that are important for the inference algorithm to be sudoéase summarised.

4.1 Likelihood

From the iISA model, we have, = (s; o q; o z; o x;) A + €, Whereg, is a Gaussian
noise. Letg, be the result of elementwise products of all relevant qtiastii.e.,g; =

st o gz © z; o X;. Hence, the likelihood function for a single data pgipis

P(yt|A>Staqt7Zt7Xtag?) = N(Yt; gtAaU?I)

1 1
= expl — —(yr — g A)(y: — g A)T §4.1
oo, p{ 2062(yt g A)(y: — giA) }( )

Given N i.i.d data pointgy, } ¥ ,, the likelihood function for the whole data set is

N

P(Y|A,8,Q.Z2,X) = [[PiA, s, a,z.x)

t=1

_ W exp { - 2(172tr(Y ~GA)(Y - GA)T}A.Z)

€

whereG is the concatenated matrix gf.
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4.2 The hidden sourcex;

The conditional probability distribution for entries X is derived. Because the entries
in x,; are partitioned into blocks according to the subspacesraydiave the same form
of conditional distribution, the conditional probabiliyill be derived based on a single
subspace. However, this result also applies to the entfigsia other subspaces. For
subspacg, we sample each elementxffor which s, = 1 andz,;, = 1. Denote the
k-th row of A; by a;,. Since the prior onx,;;, is Laplace distribution, the conditional
probability of z,;;, given all other variables is the piecewise Gaussian digioh given
by
T .
Plansl A, 70,30 1) SN (x4 pog, 0) 1 245 >0 43)

%N(%ﬂc; p, o) if @ <0

where the meang, , ;_ and variance? can be defined as follows:

T 2 T 2 2
_ k€ — T _ A€yt o 5, o 4.4
Pp=—""—"5 - =" > 0 =7 (4.4)
Ajpdy Ay Ak

This distribution is guaranteed to be continuous by theahof T, andY _ and to be

correctly normalized by the choice 6f

T, = N(Ou_,o0) (4.5)
T = N(O,M+,O’) (46)
Q — Q_T_ + Q+T+ (47)

whereQ)_ = F(0; u_, o) andQ), = 1— F(0; uy, o). To sample the hidden sources, we

use the technique described in Knowles and Ghahramanil{2007

4.3 The source dependency;

As defined above, the block vecigris contructed from the vectat, whose entries are
uniformly distributed. These variables render the sourgeads in the same subspace
to be dependent. For each subspaosge sampley; from the conditional distribution
given all other variables with,; = 1. Since each element i, is tied to multiple
entries inq,, we define the following notations. Lgf;. be thej-th block ofq, andx;;.,
z.., ands,;. be the corresponding blocks ®f, z;, ands,, respectively. Given the cur-

rent values of all other variables, the conditional prohighof the source dependency
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q:;: can be written as follows:
P(Qtj:|A7Xt7Zt7StaQt—(j:)) x P(Yt‘A7Xt,Zt,Sm(ltaU?)P(QtH(ltﬂ(j:))
X P(yt|A7Xt7Ztastaqtag?)l{0<qtj;<l} (48)

The Equation[(4]8) follows from the fact that the prior\qf is the standard uniform

distribution. Replacingy;. with v;, the conditional probability of;; can be written as
P(Utj|A7Xt7 Zy, Sy, Vt—g’) X N(Wj% Mo, ‘712;)1[{0<vtj<1} (4.9)

which is a two-sided truncated normal distribution with mea and variances? de-

fined as follows.

= (20j: © xi3:) Ajel 5 o2 o (4.10)
© o (zyo th:)AjAgT(th: ox;)T Y (240 thi)AjA;!—(th: °Xy5:)"

To generate samples from two-sided truncated normalloigian, we use the following
method given that we know the cumulative distribution fumet/'(-) and the inverse

error functionerf!(-).

o = F(M;M), ¢T:F(<6_M”);O,1) (4.11)

Oy Oy

v o= oy (V2er 260+ (6, — d)w) — 1)) (4.12)

wherea andb are the lower and upper truncation points, respectivelyyars a sample

from Uniform(a, b).

4.4 The mixing matrix A

From Bayes’ rule, the conditional probability distributiof each rowa; of mixing

matrix A can be written as
P(ak|A—\k7 Xa Ya Za Sa Qv 0-527 0-124) & P(Y|A7 Xa Za Sv Qv U?)P(ak|0124) (413)

Let E_; be the error matritE =Y — (S o Q o Z o X)A evaluated witha;, = 0 and
denote thé-th column of(So Qo Z o X) by g . Following the derivation in Appendix
Bl the conditional distribution of each row of the mixing matgiven other variables

is GaussianV (p, A) with mean and variance defined as

2
0a T T

p = — 74 pTe (4.14)
grgr ol + o2 kSk

T
A = (g’“gk +—2) Towb (4.15)

2
O¢ 0a
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Upper-layer IBP

Lower-layer IBP<

Figure 4.1— The relation of binary matrices in the two-level nested IBP

4.5 The noise variance
The conditional distribution of* can be obtained using Bayes's rule as follows:
P(c?|E,a,b) o P(E|o?)P(c?|a,b)

ND b
2 "1+ Lr(EET)

x IG(o%a+ ) (4.16)

The detailed derivation aP (o2 |E, a, b) can be found in AppendixIB.

4.6 The mixing matrix variance

The conditional probability distribution af% can also be obtained using Bayes’ rule

as follows:

P(ci|A,c,d) o P(Alo})P(cilc, d)
DK d
2 71+ 4r(AAT)

o« IG(o%;c+ ) (4.17)

For the detailed derivation d?(c%|A, ¢, d), please see AppendiX B.

4.7 Active sources

In this section, we consider a conditional probability af #ictive source in a particular
subspace. The lower-level IBPs separately specify whichicgs are active in each
subspace for a particular data point. Therefore, the nurab&wer-level IBPs is
equal to the number of subspaces, which is specified by therdeyel IBP. Figure
4.7 illustrates these relations in the two-level nIBP inethéach column in the upper-

level IBP corresponds to a lower-level IBP. Although the ditional probabilities of
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21, for all lower-level IBPs are identical, they still depend tive sources in other
subspaces. To samplg, we define the ratio of the conditionalsuch thatP(z;, =
A, Xty Yo Zogny) = 7/ (r + 1),

P =1]A, X Y,Z.,
A (251 = 1] (tjk) (tjk) ) (4.18)
P(thk = O|A X (tjk)> Y Z—'(t]k)
_ (Yt‘A Xtj—ks Ltj-k, Ztjk — )P(ztjk = 1‘thﬁk) (4 19)
(Yt‘A Xtj—ks Ltj-k, Ztjk — 0, UE)P(thk = O‘thﬁk) .
From the IBP prior, the ratio of priors is
Plajr = Uzj) _ mor/(Bi+ N —-1) Motk (4.20)

P(zjk = Olzgj-r) 1=/ (Bj+ N =1) B+ N —1—m_y
wherem_.;; is the number of rows dZ; other thart that are active at columh. To
compute the ratio of likelihoods, we start by finding the likeod with z;;;, = 0, which
is

1 etj_‘ketTj—'k
P(Yt|A,thﬁk,thﬂk,thk = 0) = Vo XP| %55 — (4-21)

(2mo2)2 2072
wheree,; . is the error vectog, evaluated with,;, = 0. If 2z, = 1, we must integrate

over all possible values af;;, to find the corresponding likelihood as follows:

P(Yt|A7thﬂk‘ath—|kaztjk = 170'52) = /P<Yt|A7th7th—|k7ztjk = 17052)P(xtjk)dxtjk
(4.22)

After completing the square, the ratio of likelihoods is

a\/g {F(O;m,a) exp (%) +(1— F(0; p_,0)) exp <5732)} (4.23)

whereF' (0; py,0) = ffoo N (24j1; py, 0)dae, andF(0; p—, o) = f?oo N (2j; -, o)Az
are the cumulative distribution functions of Gaussianritigtion with mean and vari-

ance defined in Equatioh (B.4).

4.8 Active subspaces

The matrixS specifies the active sources based on active subspacesis/tietbrmined
by the matrixU. Recall that each row d is the block vector in which each block
corresponds to a subspace. All the values in the correspgiudiock will be 1 for the
active subspace and 0 otherwise. That is, for a particula paint, if the subspace

is not active, all sources in that subspace will not be usedth® other hand, if the
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subspace is active, the matikfurther indicates which sources are used by the data
point.

In contrast to the case of lower-level IBPs, the conditiguralbability of U be-
comes more complicated to derive as it involves integratiaigthe sparse binary vec-
tor z,;. which cannot be done exactly due to its combinatorial natlinerefore, some
approximation techniques are needed to be employed. Addity, the Gibbs sam-
pler will need to operate in a very high dimensional spacetdube nested structure
of the iISA model, leading to a very slow mixing time. To resolthese problems,
we propose the MCMC method to sample the active subspacablesi.;;. This pro-
posed MCMC algorithm is based on the split-merge MCMC atharifor the Dirichlet
process mixture model (Jain and Neal, 2000). The split-energthod is based on the
Metropolis-Hastings procedure in which appropriate psgt®and transition probabil-
ities are obtained by conducting the restricted Gibbs senmgkans.

We begin by discussing the basic idea of Metropolis-Hastingpdates
(Hastings, 1970; Metropolis et al., 1953). Assume that wetw@generate a sequence
of random samples from the probability distribution witmdgty 7(z). A direct sam-
pling from 7(x) is difficult, but we are able to evaluate the density givengas The
Metropolis-Hasting algorithm first draws a proposed stdtérom a proposal density
q(z*|z), which depends on the current state. The new statis accepted with the

probability

Ty ser = MiN {1,

el 7] .24

q(a*|z) m(z)
and the next state is set to this proposed state. Othenkiseurrent state is retained
¥ =z.

To sample the binary-valued variahlg, we use the Metropolis-Hasting step to
propose a change to this variable. That is, if the currené s¢a.;; = 0, the proposal
state will bew;; = 1 and vice versa. As each variablg corresponds to a single
lower-level IBP, the proposal distribution of the MetroigeHasting step is constructed

by conducting several intermediate restricted Gibbs sermgkans on this lower-level

IBP. For each subspace indicator variablg the proposal state is defined as follows:
KR = {utj7 Utj7 th:7 th:} (425)

which is composed of all variables associated with the sad¥sp  Note that there
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are two possibilities in proposing the new value for the alale ;. That is, we can
turn the value ofy; eitheron or off depending on its current value. We denote these
proposal states by°™ andx°f accordingly. When updating the state propos#b «*,

the Metropolis-Hasting acceptance probability takes @tiewing form:

Thosper = IMiN [1, alr|") m(r )} (4.26)
q(k*|K) m(K)
wherex* is eitherk°” or k° depending on the type of proposal. The steps in comput-

ing the Metropolis-Hasting acceptance probability arecdbed below.

Turn on the subspacex®
If the current state is;; = 0, i.e., the subspacgis inactive, the proposed state
is k" = {uy = 1,vj5,2,,%;;.}. The current values of;, z;;., andx;;. are
neglected becausg; = 0 so they do not affect the data. Define ta@nch
state x°, that will be used to compute the Gibbs sampling transitiababili-
ties. To compute the Metropolis-Hastings transition plolitgt, we perform the

following steps:

1. Setu,; = 1 and initializev,;, z,;., andx,;. from their priors (i.e., conditional
probabilities given all other variables excepf, z,;., andx;;.). This is the
launch statex’.

2. Modify the launch state’ by performing) intermediate restricted Gibbs
sampling scans.

3. Given the launch state’, we compute the value of;;, z;., andx;;. by
conducting one final Gibbs sampling scan. The final valuesetariables
constitute the proposed state”.

4. Calculate the transition probabilityx°"|«) by computing the Gibbs sam-
pling transition probability from the launch statd to the final proposed
statex’". It is the product of the probabilities of setting, z;;. andx,;. in
the launch state to the final values in the proposed state.

5. To compute the reverse propogék|<°"), we can see that if we set; to
be zero, the corresponding;, z;;. andx;;. will have no effect on the data.
Thus, there is only one way to changg from 1 to 0, soy(k|k") = 1.

6. Calculate the Metropolis-Hastings acceptance proitabif the proposed
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state is accepted, we 3et = 1 and set°" to be the next state. Otherwise,

the current state is retained.

Turn off the subspacex°®
If the current state is;; = 1, we propose to change its value in the same manner
as the previous case. The proposed state can be similamgdefs<° = {u,; =
0,v};, 2., X;;.}- In contrast, the current values of the variablgs z;., andx;;.
must also be considered. The sampling method in this casbecdescribed as

follows:

1. Setu;; = 0 and store the current valuesof, z;;., andx;..

2. Initialize v, z,;., andx,;. from their priors and assign them to the launch
statex’.

3. Modify the launch statg’ by performing)/ intermediate restricted Gibbs
sampling scans.

4. Calculate the reverse transition probabiliti|<°T) by computing the
Gibbs sampling transition probability from the launch stat to the orig-
inal state. That is, we need to calculate the probability eriegating the
original values ofy;, z,;., andx,;. from the launch state.

5. The transition probability(x°%|x) is 1.

6. Calculate the Metropolis-Hastings acceptance proitabif the proposed
state is accepted, we set = 0 and generate the next state® from their

priors. Otherwise, the current state is retained.

The posterior distribution; (), in Equation[(4.26) can be expanded into a product
of the prior,P(k), and the likelihoodP(y;|x). The prior distributionP(x), will be a

product over variables ir, which yields the following prior distribution.

P(K,) utj Utj H P thk H P xt]k|ztjk (Zt]k‘) (427)

245,=0 zgi=1
For thex°™ proposal, the prior distribution ratio reduces to the fwilog:

P(K;OH) ut — 1
P(k) N utj—O H P (z1) H P (k] 20) P (215%)

2= 0 24jk= 1

M_,.
= Ry [ =My [] 2”’“ exp (—|z4|) (4.28)

2t =0 zgjp=1
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whereR ;; = m—; /(8 + N —m—yj) andM_,;, = mji/(B; + N — 1). Thek is the
original state in which the variable; = 0. Notice that only the variables;. andx;.
associated with the proposed stat& contribute to the ratio of the prior in Equation
(4.28) because whemn; = 0, these variables do not contribute to the data. Similarly,
for the k°® proposal, the prior ratio is given as

P(k°T) P(u; = 0) 1 1
P(k) P(uy =1) [l P(25) Z}ll P(@1j|2e0) P (2151
1

thkZO

1 2
= —_— 4.29
R_y; H 1T — Moy, Ztgl M-y exp (—|zn) ( )

thk:(]

wherex represents the original state in which the subspace issaci#v,u;; = 1. Note
that the variableg,;. andx;;. used to evaluate the ratios in Equatibn (4.28) and (4.29)
are different. In Equatiori(4.28), the values of these Wemobtained from the final

Gibbs sampling scan is used, whereas Equafion](4.29) use®tiginal values in the
initial statex.

The likelihood for thex®® proposal is in Equation(4.1) evaluated with the values
obtained from the final Gibbs sampling scan. In contrastlikieéihood for « is evalu-

ated without the values of those variables, which can tbeedie written as

1 €L
P(yi|k) = ——— exp <—€t 7€t J) (4.30)

(2mo2) % 202
wheree,; is the errory, — (s; o q; o z; o x;) A evaluated with,; = 0. As a result, the

likelihood ratio in the case of turning on the subspace ismyias

(Qej: © 245 0 th:)Aj(AjT(qm‘: O Zyj. © th:)T - 26;3‘)

(4.31)

Plyde) _ exp L
P(yi|r) 202

Similarly, the likelihood ratio for the case of turning offfd subspace can be derived as
follows:

P(Yt|"50ff) exp( 1

= T T T
P(y:|r) _T'g(qtj; O Zyj. © th:)Aj(Qetﬁj — A, (atj: © Zyfj) © X)) ')

(4.32)
As in Equation [(4.28) and_(4.29), the valuesgf, z,;,, andx;;, used to evaluated
the likelihood ratios in Equatiori (4.81) arld (4.32) are ot®d from the final Gibbs

sampling scan and the original state, respectively.
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C D

Nt

Figure 4.2— Two sets of columns of binary matri;

4.9 Update the number of sources

To update the number of sources, the columns of binary maAtraxre partitioned into
two sets,C' and D as shown in Figure_4.2. In sét, the sources are at least active
at some data points other than On the other hand, the sources in gefire active
only at data point. Moreover, this set also includes the infinite number of iivac
sources. Since they do not affect the data, the inactiveessun this set can be ignored.
Therefore, we update the number of sources by replacinguimerd active sources in
setD by the new sources.

Let n; be the number of columns &; which contain 1 only in rowt. We pro-
pose the new sources by sampling, the new number of features uniformly from
{=b,—(b—1),...,—1,1,...,b6—1, b} for the integeb > 1. GivenA,, the proposed state
K. consisting ofx; and A*, respectively the new columns ®f and the new rows of
A, are formed. Note that there are two possible proposedsstate in whichd; > 0
(adding sources) and another in whitsh < 0 (removing sources). These two proposal
states are denoted &g, andx_., respectively. Then the restricted Gibbs sampling is
performed depending on the type of the proposed state. Wbaeséetropolis-Hastings
update described in Sectibn 1.8 to decide whether or notdepathe proposed state.
The Metropolis-Hasting acceptance probability in thisectadkes the following form:

*

q(K’SFC ‘ K’src) 7T(K’>sk1"c>
q(KkelKsre) T(Ksre)

wherek* is eitherx . or k_. depending on the type of proposal. The proposed tech-

src src

Thre—rz, = Min |1, (4.33)

nique can then be summarized tor 2 as follows:

1. DrawA; uniformly from{—-2, —1,1, 2}.
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2. If A, > 0then

(a) AddA; columns to the matri¥; and set alk,;; to 1 for new columns.

(b) Form the proposal state!. = {A,,x}, A*} in which x; and A* are ini-
tialised from their conditional probabilities given othariables. This is
the launch state’

(c) Modify the launch state? . by performingM intermediate restricted Gibbs
sampling scans.

(d) Giventhe launch stat€’  obtained from intermediate restricted Gibbs sam-
pling, the proposed staie! . is formed by conducting one final Gibbs sam-
pling scan orx; and A*.

(e) Calculate the transition probabilityf s} |ks.) by computing the Gibbs
sampling transition probability from the launch statg. to the final pro-
posed stat&} .. The Gibbs sampling transition probability is the product
of the probabilities of setting; and A* in the launch state to their final
values in the proposed state.

(f) To compute the reverse proposgks.|x..), we can see that this is the
probability of removing), features from seb. As the features in sdd are
chosen at random for removal, the reverse proposal is sithplgroduct of
the probability of pickingA;, which is1/4 and the probability of randomly
picking A, features from the séb, which is simply1 /().

(g) Calculate the Metropolis-Hastings acceptance praibabif the proposed
state is accepted, the number of sources and correspondiiaples are

updated. Otherwise, the current state is retained.
3. If A, < 0then

(a) SelectA;| columns in seD at random and store the original valugsand
A* associated with the selected columns.

(b) According to the selected columns, initialigg and A* from their condi-
tional probabilities and assign them to the launch stdte

(c) Modify the launch state? . by performingM intermediate restricted Gibbs

sampling scans.

(d) Calculate the reverse transition probabiljiy...|~<.) by computing the
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Gibbs sampling transition probability from the launch st .. to the orig-
inal state. That is, we need to calculate the probability eriegating the
original values ok}, andA* from the launch state.

(e) The transition probability(k_.|ks.) IS the probability of removing),

features at random, which is agaif(4 (' )).
() Calculate the Metropolis-Hastings acceptance prditgblf the proposed
state is accepted, we remove the selected features. Oseertive current

state is retained.

The posterior distributions (k.. ), in Equation[(4.33) can be expanded into a prod-
uct of prior, P(k«.), and the likelihoodP(y;|ks.). The prior will be a product over

priors of the variables ir,,.. This product yields the following prior distribution
P(Kse) = P(n) P(x;) P(A) (4.34)

wherer, is the number of features in sét, x; and A’ are the elements of; and A
corresponding to the sources in g2t From the IBP, the prior on the number of new
featuresy, is
P(n:|a, B;) = Poisson o (4.35)
t1 g5 Mg Bj T N 1 .
The prior on each element &f and each row o\’ are standard Laplaciapexp(—|z|)
and Normal distributionV'(0, c41). For thex/_ proposal, the prior distribution ratio

src

reduces to the following:

P(kk) P+ A) P(x;) P(A]) Py|k,)
P(Kre) P(n)  P(x}) ( ) P(yi|Ksre)

P+ A) Plyilws: A,
P(n) yt|nm an HP(AL)] (4.36)

wherex; and A7 are the elements of, and A ; associated with the sources in et

after adding new sources, respectively. The new elements ahd rows ofA; are
represented by, andAj, respectively. As the prior of; is Poisson distribution given
in Equation [[4.3b). The prior ratio for the new number of sesrin Equatior{4.36) is

Pl +Ar) < a;f; )At 1
P(n) Gi+N—-1 (e + 1) (e + Ay)
The likelihood ratio in Equatiori(4.86) can be derived sarljl as in the previous sec-

(4.37)

tion, which is given as

P (yt src) (
——~ — eXp
(yt | K/src)

77 X AT (AT X —263)) (4.38)
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Figure 4.3 — A new subspace is added. This corresponds to the new colfifimary

matrix Z in the upper-level IBP and the new binary mat#x for the lower-level IBPs.

Similarly, the prior distribution ratio for the_ . proposal reduces to the following:

P(Kge) P(m — Ay) P(x7) P(A]) P(yi|rg.)
P(Ksre) P(n)  P(xt) P(A}) P(yi|Ksrc)
P — Ar) Plyilkge) !
P(m) P(yi|Ksc) Hz 4 P(xq) HAt P( i)

wherex; and A7 in Equation[(4.30) are the elementsxgfand A ; associated with the

(4.39)

sources in seb after removing the selected sources, respectively. Thatinasx,
andAj‘ represent the elementsxfand rows ofA ; associated with the sources that is

to be removed, respectively. The prior ratio of the numbesorirces in this case is

Pl — A B+ N — 1\
(pt<?7t> ) ( j ) ) Ny — 1)e(ne — Ay + 1) (4.40)
177
and the likelihood can be written as
P(yi|Kge 1 L
% = exp (—ﬁxt A5 (2¢] — A 'x; T)) (4.41)

4.10 Update the number of subspaces

The MCMC sampling method to create new sources in Settidis4ao applied in
updating the number of subspaces. In this case, the newybieatorsz,; wherej
ranges over the new subspaces and the new elemextantl A which correspond to
the new subspaces are also included in the proposal.

Figure[4.3 illustrates the case when a new subspace is aduet van be seen

as the allocation of the new IBP in the set of lower-level IBREhough the restricted
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Gibbs sampling is performed only at data paimt the lower-level IBP, the possessions
of sources in the new subspace for all other data points aceracessary. Thus the
entries of binary matriZ; for new subspacg are initialised from the IBP prior.

We follow the same procedure described in the previous®@edti update the
number of subspaces. The only differences are the numberbspaces that will be
updated, i.e., added or removed, at each iteration. Sirece #re a number of variables
associated with the Metropolis-Hasting update, the i&stli Gibbs sampler has to be
conducted in a high dimensional space, which requires & glesel of computation.
Thus a single subspace will be either added or removed atea timthis case, the
proposed state; . consists ofvy;, z;;., x;;,, and A, which are the variables associ-
ated with the updated subspace. Similarly to the case otesuthe proposed states
k1, andk_,_ represent adding and removing subspace proposal, resggctihe

subs

Metropolis-Hasting acceptance probability in this casesahe following form:

*

q ( Ksubs | K’subs) T ( K’;kubs)
q(KZ s | Kosubs) T(Ksubs)

depending on the type of proposal. The MCMC

(4.42)

r"'«subs_“"":ubs = min 1’

wherek* is eitherk’, or k_

subs subs

sampling method for updating the number of subspaces is suined below.

1. DrawA, uniformly from{—1,1}.
2. If A, > 0then

(a) AddA,; columns to the matriXJ and set the new value af; to 1.

(b) Form the proposal state,,, = {A;, v}, z;;.,x};., A*} in which all vari-
ables are initialised from their conditional probabil#tigiven other vari-
ables. This is the launch statg , ..

(c) Modify the launch statec’ , . by performing M intermediate restricted
Gibbs sampling scans.

(d) Given the launch state’ , obtained from intermediate restricted Gibbs
sampling, conduct one final Gibbs sampling scan to obtaiffitiaé values
of associated variables. These variables constitute tigoged state”, .

(e) Calculate the transition probabilityx!, |ksus) by computing the Gibbs
sampling transition probability from the launch stafg, . to the final pro-

posed stat&, . The Gibbs sampling transition probability is the product
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of the probabilities of setting all variables in the laundats to the final
values in the proposed state.

(f) To compute the reverse proposdk...s|<.,.), we can see that this is the
probability of removing), features from seb of the binary matrixJ. As
only a single column in sdD are chosen at random for removal, the reverse
proposal is simply the probability of picking one column &t ®, which is
1/n.

(g) Calculate the Metropolis-Hastings acceptance praibpabif the proposed
state is accepted, we set, = to be the next state. Otherwise, the current

state is retained.
3. If A, < 0then

(a) SelectA,| columns in seiD at random and store the current valuesQf
Ztj., Xyj:, QNAA .

(b) Initialisev,;, z,;., x;; andA ; from their conditional probabilities and assign
them to the launch state’

subs*

(c) Modify the launch state<’ , = by performing M intermediate restricted

subs

Gibbs sampling scans.

(d) Calculate the reverse transition probabititys..s|<,,;,.) by computing the

subs
Gibbs sampling transition probability from the launchetet , . to the orig-
inal state. That is, we need to calculate the probability eriegating the
original values ofv;, z;;., x;;:;, andA ; from the launch state.

(e) The transition probability;(x_,, |ksc) iS the probability of removing
|A;| = 1 features at random, which is agdifv),.

() Calculate the Metropolis-Hastings acceptance prdiblf the proposed
state is accepted, we remove the selected features. Oseertive current

state is retained.

Using the same analysis as in the previous section, thegiriag,,s can be written

as

P(rauns) = Pn)P(vy) | TT PGun) | | T Pxum ajlzgn) Pze) | (4.43)

thkZO thkzl

where, is the number of columns in sé? of the matrixU in the upper-level IBP.



4.10. Update the number of subspaces 47

The corresponding variables;, z,;., x;;., andA; constitute the lower-level IBP that is
to be added or removed. The prior on the number of new featyresn be similarly
obtained from the IBP as follows:

P(n|e, B) = Poisson <L> (4.44)

B+N-—-1

wherea and are the parameters of upper-level IBP. The prior on othaaekbes are
already shown in the previous section. Furthermore, thoe pfiv;; is standard uniform
distribution, so it can be neglected from the product in Equa{4.43).

For thex, . proposal, the prior distribution ratio reduces to the faitog:

P(Kls) P(n+1)
P(K/subs) P(T/t) H (thk) H (fftjk, a]k|ztjk) (Zt]k) )

+ _
thk)*l

where the new elements of, x, and rows ofA ; are represented by, x;” and A,
respectively. As the prior of; is Poisson distribution given in Equation (4.44), the
prior ratio for the new number of subspaces in Equafion {415
P(m+1)_( af ) 1
P(m) B+N-1) (m+1)

The likelihood ratio can also be derived as in the previogtice, which is given as

(4.46)

P(y|6,) 1 . .
o) = o  ~ga(a oz o x)AT (A (a0 5 o) —2€])
(4.47)
Similarly, the prior distribution ratio for the_. proposal reduces to the following:
Pk Pl —1)/P
Plita) (0= 1)/ P(n) s
(Ksubs) |:Hzt_jk:O P(z[jk)} [Hzt}k:l Pz, a;k|zt;k)P(Z,:jk)}

wherez, , x, and A represents the elements of x; and rows ofA; associated
with the subspace that is to be removed, respectively. Tioe i@tio of the number of
subspaces in this case is
P(n, —1) B+ N -1
P(n) :( of )m
and the likelihood can be written as

P(yt"{/;lbs) = exp (_i
P(yt"q'subs> 2062

(4.49)

L ia- T, T
(q; 0z, ox; )Aj (2€tT - Aj (q; 0z, ox;) ))
(4.50)
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4.11 IBP parameterq;

Recall that the marginal probability of the binary matéx for j = 1,...,J can be

written as
(ay8) il
P(Zjlay, 8;) = sexp(—a; Hy (8)) [ [ Blmjs, N —mje + 8;)  (4.51)
Hh>0 Kp! k=1

whereHy (5;) = Zﬁvzl %. Taking the log of this expression gives

log P(Z;|a;) = Ky loga; — Hy(B;)o, + const (4.52)

Using Bayes'’ rule together with the Gamma priorcgrwe haveP (o |A, X, Y, Z;, ;) =

P(o,|Z, ;) which is given as

log P(a|Z;, ;) o< log P(Zjlaj, B;) + log P(a;)

= (Ki+9;,—1)loga — (HN(BJ') + )\i) a; + cons{4.53)

J
Thus the conditional distribution ef; can be written as
P(a-|Z-)—g<a»'K + 9, #) (4.54)
T PR TR NHB) |
The conditional probability oy for the upper-level IBP can be obtained in a similar

manner.

4.12 The relevant parameters

There are few parameters associated with the iISA modéhidrsection we summarize
the important parameters that have to be tuned in order tamgeffective inference
algorithm. Although there are few more parameters, e.g.hijperparameters of the
priors, they have small effects on the performance of theahdthus only parameters
strongly contributed to the performance of the inferengm@hm are mentioned in
this section.

Table[4.1 summarizes the parameters of the inference #iguri All of these
parameters are the number of steps to conduct the Gibbs isgmptiowever, they
correspond to different parts of the algorithm and will #fere affect the performance
of the algorithm in the different ways. Their effects on tleefprmance of the algorithm
will be investigated in Chaptér 5. The pseudocode sumnmayihie inference algorithm

of the iISA model is shown in Appendix/A.
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Table 4.1- The parameters for MCMC sampler of the iISA model

Parameter  Notation Description

MAXITER  Mgames The number of iterations for MCMC sampler of
the iISA model.

MAXAS M s The number of restricted Gibbs sampling scans
for sampling the active subspace.

MAXSRC Msrc The number of restricted Gibbs sampling scans
for updating the number of sources.

MAXSUBS Msygs The number of restricted Gibbs sampling scans
for updating the number of sources.

MAXGIBBS Mpurr The number of iterations of Gibbs sampling for

the lower-level IBPs.
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Chapter 5

Experiments and Analysis

In the experiments, the performance of the iISA is evaluatedi compared with the
standard ISA algorithm. The iICA algorithm is also tested anmpared with the Fas-
tICA algorithm (Hyvérinen, 1999a). Firstly, the iICA andSih models are evaluated
using synthetic data generated from the models and compséttethe general ICA and
ISA algorithms. For the iISA model, the performance of MCM&rgling technique,
described in the previous chapter, is also studied by exathia affects of various pa-
rameters. Lastly, these algorithms are evaluated on redtwlata by applying them

on the natural images.

5.1 Experimental setting

Prior to the experiment, a useful preprocessing strategry fisst whiten the observed
data. As in the standard ICA, the whitening removes the tairom between mixed
components in the observed data using a linear transfasmaguch as principal com-
ponent analysis, that makes the data covariance matridémdity matrix. This ensures
that the extracted sources are mutually uncorrelated asrédmygonal basis in the data
space defines uncorrelated sources with unit variance. iremrhg, the goal is to find
the whiten vectok such thatE{xx"} = I. One method for whitening is the eigen-
value decomposition of the covariance matilx= EDET, whereC is the covariance
matrix evaluated using the available sampless the orthogonal matrix of eigenvec-
tors of C, andD is the diagonal matrix of its eigenvalues. Thus the whitectamex

can be obtained by

% = ED'?E"x (5.1)
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wherex is the original observed data vector, which is assumed teb®mean. One
benefit of whitening is that it reduces the number of pararedtebe estimated.

To evaluate the algorithms on synthetic data, samples arergieed according to
the generative models of the iICA and iISA. For ilICA model,sgurces are assumed
mutually independent, whereas in the iISA model, some catelpendent. Note that
the synthetic data with independent sources is the spesealaf ISA where the number
of subspaces equals the number of sources. As opposed tptHEASA model gener-
ates data with more complex structure. Therefore, this imeigbne carefully to ensure
that the synthetic data set contains the sufficient numbsaioples. In the experiments,
the iICA and iISA models are compared with FastICA (Hyvann&999a) and ISA al-
gorithms (Hyvarinen and Hoyer, 2000). In this case, the gdauuth data is known so
we can compare the inferrel, X, andZ using theAmari error (Amari et al., 1996)
for ICA models andyeneralised Amari errofor ISA models.

LetW = Z o X, the iICA model can be written in the noiseless case as
Y = WA (5.2)

Since ICA can recover the hidden sources only up to signtrariiscaling factors, and

arbitrary permutations, the problem in Equationl(5.2) dan be written as
Y = WPCP'C'A (5.3)

whereC andP are the diagonal matrix and permutation matrix, respelgtivéhus,
Equation [(5.B) shows the indeterminancies of the ICA pnoisiethat is, the sources
are scaled by a diagonal matxixand permuted by a permutation matkx Given the
true sourcedV and mixing matrixA, the inferred matrices are denoted\@= WB
andA = B~'A. The sources can be recovered optimallBit= PC. ThusB can be
written as

B=(W'W) (W'W) (5.4)
Next, the Amari error can be defined in term of eleméntsf B as follows:

K’ K
1 Z':1|bij| b
B — 4'7 _1 Z 1 Z] 1
p(B) 2KK' — K' — K (Zzl (maxk bk | +Z maxy, b |

(5.5)

where K is the true number of sources aid is the inferred number. Because the

optimal recovery can be obtained whBnis the permutation matrix, the Amari error
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thus measures the deviation Bffrom the permutation matrix, that is, the sum over
rows and columns of the deviation from there only being onenreatry per column,
normalised so that the maximum error is 1.

The generalization of Amari error for ISA is straightfondarIn this case, the
optimal matrixB is the permutation matrix permuting; x K; block matrices. De-
viation from this matrix can be computed as follows. bgtdenote the sum of the
absolute values of elements at the intersections of(thie— 1) + 1, ..., iK; rows and
thej(K; — 1) +1,..., jK, columns of matrixB = (WTW)~{(WTW). Formally, for
1<i,j<J, let

by = Z Z By (5.6)
p=i(K;—1)+1 q=j(K;—1)+1
which can be used to compute the Amari error using Equalids).(5We see that
p(B) > 0 and it is zero if and only if matribB is a permutation matrix permuting
K, x K block matrices.

To evaluate the performance of the iICA with respect to thetlEsA algorithm,
we apply the iICA and FastICA (Bingham and Hyvéarinen, 2000Qv&tinen, 1999a) al-
gorithm witht anh nonlinearity on 30 synthetic data sets. The Amari error fwhe
experiment is then computed. For the experiments on ISA mptlee synthetic data
is generated in which the hidden sources can be separatedisjginted groups which
may contain a distinct number of sources. In this case, thiemeance between the
ISA algorithm and the iISA model is compared. As the numbesutfspaces and their
dimensions need not be specified in advance for the iISA madkelsynthetic data
generally possesses the groups of sources with differees.sHowever, it is not clear
how to cope with the data consisting of subspaces with diffedimensions in the tra-
ditional ISA. Therefore, the dimensions are assumed equalf subspaces. In the
experiments, the ISA algorithm is tested by fixing the actuahber of subspaces and
varying the subspace dimension of 2, 4, and 8.

For iICA, the one-parameter IBP variant is used in the expenits as it is sug-
gested in the original work of iICA that there is no significdrfference between one-
parameter and two-parameter variants of the IBP. Spedyficadly « is sampled from
its conditional probability, wheregs = 1 for all experiments of iICA. Likewise, we

also follow this setting by sampling only parameterassociated with both upper-level
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Figure 5.1— The true and inferred synthetic matxwith K = 7 hidden sources

and lower-level IBPs. Although this setting reduces corapaial cost considerably
for the iISA model, it is worth investigating the affects aith o andg as they become
more influential in the nested model. However, since the itB@del corresponds to

the two-level nIBP, we do not expect much loss of performandke experiments.

5.2 Results

The results on both synthetic and real-world data are regantthis section. The first
part illustrates the results obtained using synthetic.dBtath iICA and iISA models

are demonstrated to work well compared to the classical IQRIAISA algorithms. Fur-
thermore, the proposed model is examined on several syttt sets with different
parameter settings. The convergence of MCMC sampling tqubas is also observed
by using the trace plots of different variants of the iISA ratsdon several synthetic
data sets. Lastly, the results of iICA and iISA models on ratumages are reported

and compared with the classical ICA and ISA algorithms.

5.2.1 Synthetic data

The synthetic data from the iICA model is generated with= 300, D = 8§, and
K = 7. The matricesX and A are drawn from their priors with binary matriz,
shown in Figuré 5]1. Figure 5.2 depicts the log-likelihood ahe parameter values
during 1000 iterations of Gibbs sampling on this synthetitad The Gibbs sampler
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Figure 5.2 — The values of log-likelihood and parametdts o., 04, and« over 1000
iterations of Gibbs sampling on the synthetic data. Theobistms on the right depict the

distributions of these parameters.
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Figure 5.3— The true matrices (left) and inferred versions (right)hfZ,, andZ,

starts to converge after approximately 30 iterations. E# 500 samples obtained
from the Gibbs sampler are used to calculate the averagenpteavalues. As can
be seen in the figure, the algorithm can correctly infer thelmer of hidden sources,
which is 7. The true synthetic matri& and the average binary matrix inferred by the
algorithm are shown in Figufe 5.1.

The synthetic data for iISA model is generated wikh= 300, D = 6, andJ = 2.
The matriceX andA are drawn from their priors. The matricsandZ, for j = 1,2

are shown in Figure 5.3. As shown in the figure, there are 2pades, each of which
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Figure 5.4— The trace plots of the inference algorithm for iISA model

has a dimension of 2 and 3, respectively. To incorporate épedencies among the
components in each subspace, the data is created as folkvgs, 300 samples are
drawn from a 6-dimensional Laplace distribution. Sinceréh&e 2 subspaces, 300
samples are drawn from a 2-dimensional uniform distributidext, the components
in each subspace are multiplied by the random variables freuniform distribution.
Due to the common sample from the uniform distribution, tbmponents in the sub-
space have dependencies. Fidguré 5.3 shows the synthetiy biatrices corresponding
to the upper-level IBP that indicates which subspaces dneedor each data point and
the binary matrices for each subspace that indicate whialces are active in each
subspace.

Using synthetic data shown in Figure5.3, the inferencerdlyuo is conducted for
10,000 iterations. The parameter setting of the algoritttlis = 10, Mgrc = 5,
Msyps = 5, andMgyr, = 1. The trace plots obtained from this experiment are de-
picted in Figuré 54, which shows only the trace of log-likebd,s?, andc?. Accord-
ing to the log-likelihood values, the variables starts ta after roughly 300 iterations.
The algorithm can infer the correct number of subspaces Haw/éheir dimension as
shown in Figuré 513. However, the mixing matrix inferred bg algorithm seems to be
problematic agr? becomes larger compared to the true variance used to geribeat
matrix.

Figure[5.5 shows the boxplots of Amari errors obtained byhapg the FastiICA
algorithm, ISA algorithm, iICA, and iISA on 30 synthetic dagets. Note that the data
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Figure 5.5 - The comparisons between the FastICA algorithm with thé\i(&ft) and
traditional ISA algorithm with iISA (right) over 30 synthetdata sets.

used in these two cases are generated according to diffeels. We compare the
FastICA algorithm versus the iICA and traditional ISA algiem with different sub-
space sizes versus iISA. The plot can be interpreted asM®lldhe rectangular boxes
correspond to the second and third quartile of the arrangéges. Thus these rect-
angles correspond to typical medium results occuring in 50%e realisations. The
horizontal line roughly in the middle of each rectangle is thedian error separating
the second and third quartile for the corresponding algoritThe red crosses outside
this normal range are considered to be outliers.

As can be seen in Figute 5.5, the median Amari errors areairfat both the
FastICA and ilCA models. This is not surprising, as the sesrare heavy-tailed
and should be effectively recovered by both algorithms. eNbat the true number
of sources are used for the FastICA algorithm in all expenitsie Although both the
FastICA and the iICA algorithms have a similar performartiee jICA model has more
flexibility in that the number of sources need not be specifieddvance, but can be
inferred from the data.

The results for ISA in Figure 5.5 show that the iISA model @ufprms the tradi-
tional ISA algorithms on the synthetic data. This is inttetbecause the data generally
has subspaces with uneven number of sources. Thus, the itiikelrperforms better

than traditional ISA algorithm as it can capture the unegualpace size. This burden
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Figure 5.6 — The number of subspaces and the subspace size of fourediffeynthetic

data sets.

can sometimes limit the use of ISA algorithms on many realldvapplications as the
assumption of equal subspace dimensions is not realistichérmore, since almost
all subspaces in the synthetic data used in this experinem low dimensions, the
ISA algorithm with the subspace size of 2 yields better tsghian ISA algorithm with

subspace size of 4 and 8.

5.2.1.1 Performance of the iISA algorithm

The MCMC sampling method is similar to the split-merge aifidpon in that the in-
termediate Gibbs sampling scans are performed to make MCi@pler mix faster.
Therefore, different variants of iISA algorithms are comgah which are iISA(1,1,1,0),
iISA(1,1,1,1), iISA(1,1,1,10), iISA(10,1,1,1), iISA®,1,1), and iISA(1,1,5,1). The
numbers in parentheses are the number of intermediate &aloiysling scans for upper-
level IBP (M »s), for updating the number of sourcéel{rc), for updating the number
of subspaced\lsygs), and the number of full Gibbs sampling iterations if the sudce
is active Mryr1), respectively.

The performance of each iISA variant was evaluated by exagpithhe trace plot
of log-likelihood and the computation time per iterationreported in Table 511. The
variants of iISA are executed on four synthetic data seth witvarying number of
subspaces and total number of sources. For four data seabie[3.1, the number of
subspaces and total number of sources are (2,6), (4,119)(@&nd (8,26), respectively.
Each data set contains 500 data points with 6 attributesnliher of sources in each
subspace for these data sets are shown in Figure 5.6.

Table[5.1 reports the average running time per iteratioreaosd for each iISA
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Table 5.1- The time per iteration in seconds for each algorithm

Algorithm J2-K6 J4-K11 J6-K19 J8-K26

iISA(1,1,1,0) 1.227 1732 2485  2.369
iISA(1,1,1,1) 1.396 1.895 2422 1.961
iISA(1,1,1,10) 3.101 1.973 3.058 2570
iISA(10,1,1,1) 2.557 3.045 5.864  4.787
iISA(10,5,1,1) 3.584 3.109 6.558  7.422
iISA(10,1,5,1) 3.320 5.806 5.101  5.475

variant, which illustrates how each parameter affects tin@ing time. As the MCMC

sampling method used for iISA model is computationally exgdee, choosing appro-
priate values for these parameters will improve the miximgtof the MCMC samplers,
especially for large-scale data sets. The results indibatiethe MCMC sampler with

a larger number of restricted Gibbs sampling scans and thieauof full Gibbs sam-

pling scans spend a longer amount of time. A small increaskeoparameter values
can incur a considerable amount of computational time. dfbee, it is crucial to look

at how much each parameter affects the performance of tloeithlg, leading to the

appropriate parameter setting.

The trace plots of each iISA variants are shown in Figuré Birte convergence
of each algorithm is observed by looking at the log-likebddrace for 1000 iterations.
The plots show the log-likelihood of the model using a déf&r parameter setting of
the MCMC sampler until it mixes. It is clear from Figure 5.¥&nd[5.7(h) that the

4th-6th variants of iISA mix equally well and relatively tasthan the 1st-3rd variants.

Although converging more slowly, the 3rd variant also cages to the likelihood val-
ues closer to those of the 4th-6th variants, which is coptathe 1st and 2nd variants
that achieve lower likelihood values. According to the likeod values, the 2nd and
3rd variants yield better results on tid- K11 data set, whereas the 1st variant still
achieves the lowest likelihood values.

The differences between the 1st-3rd variants and 4th-Gthnts are clearly illus-
trated in Figureg 5.7(c) and 5.7(d). The convergence pettarthe 4th-6th variants are

similar to the first two cases. However, the 1st-3rd variamtspoorly and achieve the
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low likelihood values on these two data sets. Furthermdre résults obtained from
the 4th-6th variants are approximately the same in ternkefihood values and mixing
time. Intuitively, the MCMC samplers ah6- K19 andJ 8- K26 data sets take slightly
longer time before they converge.

The results shown in Figuife 5.7 indicate the effects of patars in the iISA
model. The most influential parameter in the MCMC samplehées number of re-
stricted Gibbs sampling scans before reaching the lauraté st the upper-level IBP.
The large number of scans ensures that the restricted Galoiygler in the lower-level
IBPs takes steps toward the optimal region such that therltavel IBPs improve suf-
ficiently at each iteration. Increasing the number of rewd Gibbs sampling scans
also improve the mixing time as the acceptance rate of Meti®plasting update is
increased accordingly. Although playing a similar rolelas first parameter, the num-
ber of restricted Gibbs sampling scans used to update théeroh sources and sub-
spaces seems to be less important compared to the first gararidis is the case
because these events occur quite rarely as a result fronatvedy low acceptance
rate of Metropolis-Hasting update. Lastly, the result® algsggest that increasing the
number of full Gibbs sampling scans after the Metropolistittey update does not sig-
nificantly improve the mixing time. Furthermore, some ofshéssues are discussed
later for the comparison of different iISA variants using tieneralised Amari error.

To evaluate the results obtained from each iISA variant y8@hetic data are gen-
erated with the same number of subspaces and their dimsnagoshown in Figure
[(.8. These six algorithms are then applied on these data Beésboxplots of gener-
alised Amari errors are shown in Figurel5.8. These plotstiiate the effects of each
parameters in the MCMC sampler to the source recovery.

The Amari errors of iISA(1,1,1,0), iISA(1,1,1,1), and iI§A1,1,10) are used to
examine the affect of number of Gibbs sampling scans afeavisiropolis-Hasting step
in the upper-level IBP. The results in Figurel5.8 indicata the full Gibbs sampling
scan for a lower-level IBP after Metropolis-Hasting updat@y be a waste of compu-
tational time. Although the performance improves in thet twg simple data sets as
depicted in Figurg 5.8(jn) and 5.8(b), there is no signifieaprovement for more com-
plicated data sets as depicted in Figure 5|8(c) and 5.8¢d$. r€sult indeed closely re-

sembles what was observed in the split-merge algorithm Glad Neal, 2000) although
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Figure 5.8— the generalised Amari errors of different iISA variants

its full Gibbs sampling scan refers to a different operationlSA, the restricted Gibbs
sampling is performed on a single lower-level IBP, wheré&sperformed for a subset
of data points in split-merge algorithm. Thus the full Gildasnpling scan for an iISA
model is indeed similar to restricted Gibbs sampling. Nb# this step is important in
the case that the acceptance probability of Metropolistingsipdate is very low and
the upper-level IBP is rarely updated. As observed from #peements, a single step
of full Gibbs sampling scans for iISA is more than sufficient.

The results of iISA(10,1,1,1), iISA(10,5,1,1), and iISA(1,5,1) are used to ex-
amine the affects of the number of restricted Gibbs samptans before reaching

the launch state for indicating active subspace, updatieghtimber of sources, and
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Figure 5.9— The examples of 160 images patches extracted from theahahages

updating the number of subspaces, respectively. The saaditate the importance of
these three parameters as the generalised Amari errorsumponsiderably in almost
all cases. Moreover, the improvement seems to a result dirdtigparameter, that is,
the number of restricted Gibbs sampling scans for indigatite active subspace. A
higher number of retricted Gibbs sampling scans incredseadceptance probability
of the Metropolis-Hasting update, but also results in lorggenputational time. Since
the last two parameters are relatively less important thafitst one, the values of first

parameter should be higher than the last two parameters.

5.2.2 Natural images

To evaluate the iISA model on the real data, experiments emétural images were
conducted. The input data matrK is formed by taking thel6 x 16 pixel image
patches at random locations from monochrome photographistotg wild-life scenes
(animals, meadows, and forests). The original images aiafle on the World Wide
Wel. Figure[5.9 illustrates some of these image patches. Thgamatches are then
converted into vectors of length 256. The mean gray-scdleevaf each image patch
is subtracted. The dimension of the data is reduced to 16@By, ®hich corresponds
to low-pass filtering.

Using image patches, the FastICA, ISA, iICA, and iISA altfuns are compared
by observing a set of filters recovered by each algorithmh#gorithm is executed for
1000 iterations. For FastICA, the number of independentpmmants to be estimated

is 160. For ISA, the number of independent subspaces to lmeagstl and the dimen-

lImage available dtttp://www.cis.hut.fi/projects/ica/data/images/
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Figure 5.10— The 160 filters obtained from the ICA algorithm

Figure 5.11— The 160 filters obtained from the ISA algorithm

sionality of subspaces are 40 and 4, respectively. For bGth and iISA, there is no
need to specify the number of independent components nowitnéer of independent
subspaces as they can be determined by the model.

The independent components extracted by ICA algorithm hosvs in Figure
B.70. It is well-known that the independent componentsinbthfrom ICA are local-
ized both in space and in frequency, resembling the GaberdilThe results also show
that the components produced by ICA are not completely iedéent. Some com-
ponents are similar in their orientation. The ISA algoritgnoups these components
together as illustrated in Figure 5111. For the iICA and il®@Adels, similar results are
expected, as shown in Figure 5.10 and b.11, respectivelg. cbmponents obtained
from iICA and iISA models, however, do not resemble the Gditters, but have ran-
dom patterns, so they will not be considered further herthcdigh the results of iICA
and iISA models are not successful, they provide usefughitsnto how to improve

the model, which will be discussed later.
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5.3 Analysis

Several issues of iISA model have been identified in the éxygants. First, the com-
putational time of iISA seems to be problematic, although gplit-merge algorithm
improves the mixing time of the sampler. The parameters ®il®A algorithm thus
play an important role in the computational time of the aldyon, especially on the real-
world data. Other than adjusting the parameters, some tableniques to improve the
computational time of the algorithm can also be considered.

The second issue relate to both iICA and iISA models. Sonestjiie algorithms
fail to converge on synthetic data. That is, the amount of@@dded to the data
has to be small such that it does not disturb the true unahylgiructure. From this
observation, the noise variance of approximately 0.1 shbelsufficient.

Thirdly, the initialisation of the model is also importamtich is more obvious for
the case of the iISA model. In the experiment, the number b§gaces is initialised
by drawing from the Poisson distribution and the dimensioinall subspaces are ini-
tialised to be 1 to simplify the algorithm. Another approasho draw the dimension
of subspace from Poisson distribution parameterised bgdhemeters associated with
each subspace, which yields the subspaces with differemrtiions. These two ap-
proaches yield similar results on the synthetic data. Ii$e af interest to consider
other initialisation methods that can make the algorithmveoge faster.

Lastly, many issues of the iISA model on the natural images leeen identi-
fied. Since the iICA model in this experiment also failed toaeer the filters from the
natural images, it is suspected that the structure unaeriyie natural images is signif-
icantly different from the model as defined by iICA. As theAl&odel is based on the
iIICA model, the results obtained are quite similar. Possibiprovement of the iISA
model include considering another heavy-tail distriboitiher than Laplacian. More
experiments need to be done to gain more insight into how pooxre the iISA model.
Due to time constraints, it is not possible to evaluate t84 inodel on other real world
data sets, but it is worth experimenting on various data gétsssues discussed here

will be considered for further improvement of the model.



Chapter 6

Conclusions and Future Works

In this thesis, the Bayesian nonparametrics have beerestugioviding a framework
for more expressive probabilistic representations. Theyide a richer class of distri-
butions over objects such as functions, partitions, treiés wfinite branching factors
and depths by replacing the finite-dimensional prior distiion with stochastic pro-
cesses. In addition to the expressiveness, various prepeftnonparametric Bayesian
models such as exchangeability, permit the design of dffidgieference algorithms.
The flexibility of Bayesian nonparametrics has attractesgaechers from different ar-
eas, in which many successful applications have been de@lGome of these recent
developments have also been reviewed in this work.

This thesis has focused on one of the Bayesian nonparamapfrioaches called
the Indian buffet process (IBP), which defines a class of iefilatent feature models.
The basic premise of the IBP is that objects are modelled iag@rfrom infinitely
many latent features, with any particular object havingtdiieatures. In this work,
the general definition of IBP has been discussed and expsan@e important proper-
ties. Moreover, some recent developments of the IBP andjifications have been
reviewed. A theoretical background of IBP in terms of betacpss is laid out to aid
the understanding of its extensions proposed in this work.

Motivated by the successful applications of nCRP, | disaugeneral framework
for the nested IBP through beta processes. Although a gestmtegy for IBP is
straightforward, theoretical results of a nesting strategBayesian nonparametrics
has not yet been seen. Additionally, there are no concrgikcapions of nested IBP.
To gain some insights into the nested models, | have revieeeent developments

of nDP and nCRP, with the connections to the nBP and nIBPertsely. Some im-
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portant properties of nIBP have been illustrated througlingdes which provide a
motivation for further developments of applications togvtuis direction.

To give a concrete application of nIBP, | propose the infimtéependent Subspace
Analysis (iISA) which provides the open-ended complexatyhte classical independent
subspace analysis models. The ISA models generalise tepandent component anal-
ysis by allowing dependencies between source signals. nidependence assumption
is instead imposed on the groups of dependent source sigdaésdrawback of most
ISA models is that the number of groups, as well as the graigy seed to be specified
prior to learning. Moreover, it is not clear how to deal wikietcase of different group
sizes. Although some recent developments in ISA addrese theblems explicitly,
there are still some limitations. To fully handle these peats, the iISA model elimi-
nates the restrictions on the number of groups and a groep$giallowing them to be
inferred from the data. However, by increasing degreesefdom, the model becomes
more complex. To handle this complexity, we propose a speediinference algorithm
based on the Metropolis-Hasting method. The algorithmnslar to the split-merge
algorithm used for the Dirichlet process mixture model tpiove the mixing time of
the MCMC sampler.

The experimental results have not only demonstrated tHerpsgince of the iISA
model, but also led to some conceptual insights that coulddsel to improve the
model. Even though the results on real data reveal a coadidenumber of issues
of the iISA model, they also leave some interesting questiowolving both concep-
tual understanding and practical uses. Indeed, this tipesisdes a basis for several
significant improvements that can be done in the future. #alaklly, this study has
introduced several ideas that can be useful for a wider rahgpplications.

There are several issues of iISA model that need to be disddssther. One of
them is the computational complexity of the inference atbar. An efficient inference
algorithm plays an important role in the practical use ofitB& model. This can also
aid in the development of applications utilising the niB®.addition to nCRP, it is
also of interest to make connections between nIBP and othgedian nonparametric
models such as the branching process, which may estabdishBi in relation to some

well-known models in this area.
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Appendix A

IISA Algorithm

Several parts of the proposed MCMC sampling technique lustridted by the pseu-
docode. Sectionh All-Al3 present the sub-algorithms whafsttute the iISA algo-
rithm shown in the Sectidn'Al4.
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A.1 Active subspaces

The algorithm below shows the steps to perform the interatedbibbs sampling for

the active subspace. The relevant parameter for this puoeesl MAX AS (M 45).

Algorithm 1 Intermediate Gibbs sampler for active subspaces
1: define the proposal state @s= {v:;, z+;:, X¢;: }

2: if uy; = Othen

3: initialise x from the conditional distributions
for m =1to Mg do

perform restricted Gibbs sampling scanton

4
5

6: endfor
7 perform one final restricted Gibbs samplingroto getx*

8 compute théMetropolis-Hasting acceptance probability , ..«
9: else

10:  store the original state* < «

11:  initialisex from the conditional distributions

12:  for m =1to Mg do

13: perform restricted Gibbs sampling scanon

14:  end for

15:  compute the Metropolis-Hasting acceptance probgbilit, . -
16:  store the new staie* <

17: end if

18: return the new state* and the acceptance probability_, ..«
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A.2 Update number of sources

The procedure used to perform the intermediate Gibbs sagiupdate the number
of sources in each subspaces is shown below. The relevamptar for this procedure
is MAX SRC (Mgsgrc) that specifies the number of restricted Gibbs samplingsfram

launch state to the final state.

Algorithm 2 Intermediate Gibbs sampler for updating number of sources
1: sampleA, from {—2,-1,1,2}

2: define the proposal state ag. = {A¢, x}, A*}
3. if Ay > 0then
4: add new elements &f;, and rows ofA and store i} andA*
initialise k.. from the conditional distributions
for m = 1to Mgrc do
perform restricted Gibbs sampling scanQp.

end for

perform one final restricted Gibbs samplingran. to getk?,,

10:  compute the Metropolis-Hasting acceptance probgbilit,. .-

11: else

12:  selecfA,| elements ok; and rows ofA corresponding to the features in $2of binary matrix
Z; and store ink; andA*

13:  store the original state?,. < Kgc

14: initialisek.. from the conditional distributions

15: for m = 1to Mgrc do

16: perform restricted Gibbs sampling scan«ap.

17:  end for

18:  compute the Metropolis-Hasting acceptance probghilit, .

19: store the new stake’. . < K.

20: end if

21: return the new state: . and the acceptance probability,, .-

src
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A.3 Update number of subspaces

The procedure used to perform the intermediate Gibbs sagiupdate the number
of subspaces is shown below. The relevant parameter foptbcedure is MX SUBS

(Mgugs) that specifies the number of restricted Gibbs samplingssttam launch state
to the final state. The algorithm is basically the same as gatipg the number of

sources.

Algorithm 3 Intermediate Gibbs sampler for updating number of subspace
1: sampleA, from{-1,1}

2: define the proposal state @s.,s = {A¢, vy;, 2., X;;., A} } for subspacg
3: if A; > 0then
4: add new elements af, x; and rows ofA and store irbz;fj:, X7, andAj-
initialise k«,s from the conditional distributions
for m = 1to Mgygg do

perform restricted Gibbs sampling scansfs

end for

perform one final restricted Gibbs samplingrans to getx*

subs

10:  compute the Metropolis-Hasting acceptance probgbilit,, .-

11: else

12:  selec{A,| features from seD of matrix U randomly. Store the elements&f, x, and rows of
A corresponding to the selected featuresjinx;, andA*

13: store the original state’, | . < Ksubs

14: initialisekguns from the conditional distributions

15: for m = 1to Mgygg do

16: perform restricted Gibbs sampling scansgy,s

17:  end for

18:  compute the Metropolis-Hasting acceptance probgbilit,, -

19:  store the new state,, . < Ksubs

20: end if

21: return the new state’*

subs

and the acceptance probability,, «-
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A.4 MCMC sampler for iISA

Algorithm[4 shows the pseudocode for the inference algorithithe iISA model.

78

Algorithm 4 MCMC sampler for ilISA model

1: Initialise U, V, X, A, V, andZ;, Vj from their priors.

2: for m = 1to Mgggs do

3:

© o N TOR

for t =1to N do

for 7 =1toJdo
if m—;; > 0then
compute the new state* using Algorithml
if the new statec* is acceptedhen
change the value af;; and set the corresponding variables to new stdte
else
if ug; =1 then
for k =1to Mgyrr do
samplevy, z¢;., andxy;. from their conditional probabilities
end for
end if
end if
end if
end for
for each active subspagedo
compute the new state”,. using Algorithn{2

if the new statec*

src

is acceptedhen

either add or remove the source in subspaaecording ta<}, .

end if
end for
compute the new state* , . using Algorithn{3

if the new state:*

subs

is acceptedhen
either add or remove the subspace according’tq, .

end if

end for
for k =1to K do

sample each row,, of mixing matrix A

end for
remove columns withn; = 0 from U andm;, = 0 from Z;
remove corresponding elements frafm X, andA

samples?, 0%, a, andey; from their conditional distributions

35: end for




Appendix B

Conditional Probabillities

This section contains the detail derivation of conditiopedbability distribution for

some variables mentioned in Chapter 4.

B.1 The hidden sourcex;

Let €, be the error vectog, evaluated when,;;, = 0. From Bayes’ rule, we have
P(xtjk‘Aﬁta%,Zt’thﬁk) 08 P(Yt|A,Sta(It,Zt’Xt’Uz)P(iUtjk) (B.1)

Taking log of [B.1) gives

1

.
log P(xyjk|rest) = _|xtjk|_fi2( tj-k — AjkTejk) €k — AjpTrjg) + const
€
= el — 5oy (hageall — sl s + €y-seh) + const
— Togk| = 55 (Tijpikaje = 2a0€q ik + €jor€ryp) + cons
O-E
1
_ 2 o T on T _ 2. T
= —53 (xtjkajkajk 2ajketjﬁkxt]k+206|xt]k|+et]ﬁketjﬁk)+const
€

T T 2 T
kA A€ T O €ti—k€Eys,
kg jk€tj-k =k €tk
= 7 2h — 2Tk / <+ J + const (B.2)
202 4 a;al, a;za,
€ JkAk LA

which is the piecewise Gaussian distribution given as

YEN (4j; if 2,5, >0
Q tjks M4, U) I Ttjk >
P(xtjk|A>St>qtaZtath—\k) = (B.3)

%N(xtjk; po,o) if z, <0
where the meang,, ;_ and variance? can be defined as follows:

T 2 T 2 2
_ AykCii-k — T R N R T B4
Py =—" "5 > b-=—"F7 7 0 =7 (B.4)
A5k Ak Ajia
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This distribution is guaranteed to be continuous by the@hof T, andY _ and to be

correctly normalized by the choice ©f

T. = N(Opu-,0) (B.5)
T = N(07/’l‘+70-) (86)
0O = QT +O. 7T, (B.7)

whereQ2_ = F(0; u—,0) andQ; =1 — F(0; uy, 0).

B.2 The source dependency;

The conditional probability of the source dependeqgy, i.e.,v;;, can be rewritten as:

P(qtj:|A7Xt7Ztastaqt—\(j:)) X P(Yt|A7Xt7ZtaStaqtagg)P(qtj:|qt—\(j:))

X P<yt‘A7xt7Ztust7qtuae2)l[{0<qtj;<1} (B8)

Replacingq;. with v,;, we can derive the likelihood term in_(4.8) as follows:

1 1
L = ———5exp] — 550t —(stoq 0z 0%)A)(y: — (st 0qr 02z 0 x)A)T
(2ro?)’ 257
1 1 .
— 7(27“72)% exp i — T‘_?(et—'(]‘:) — Ut (Zej: © Xg5:) Aj) (€= (jir) — Vi (Zej: © Xej: ) A)
1 1 - .
= T P~ gl — 2o XAl

+Ut2j(th: o th:)AjAJT(th: © th:)T)}

_ 1 expd — (z¢j. 0 th:)AjA]T(th: o th:)T t2 _ 2v4j(245. © th!)Ajew—fr—\(j:)
(2m02) % 207 T (2 0 x5 AGAT (245 0 X45.) T
T
€t=(j:) €1-(50)
+ (B.9)
(th: (e} th:)AjA‘;!—(th: o th:)T

After completing the square in(B.9), we obtain the condigilprobability ofv,; written
as

P(Utj|A7Xt7 Zy, St, Vt—g’) X N(Wj% Moy 012))1[{0<utj<1} (B.10)

which is two-sided truncated normal distribution with mearand variance? defined
as follows.

= (z¢j. 0 th:)AjetTﬁ(j:) o2 = 062 (B.11)
(Z4j. th:)AjA]T(th; oxy )T " (zy 0 th:>AjAJT<th: °Xyj:)'
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To generate samples from two-sided truncated normalloigian, we use the following
method given that we know the cumulative distribution fimet/'(-) and the inverse

error functionerf ' (-).

o = F(M;M), ¢T:F<<6_M”);O,1) (B.12)

Oy Oy

v o= iyt oy (ﬁerf*1(2(¢l 4 (¢ — d)w) — 1)) (B.13)

wherea andb are the lower and upper truncation points, respectivelyars a sample

from Uniform(a, b).

B.3 The mixing matrix A
the conditional probability distribution of the rows,;, of mixing matrix A; can be
written as

P(aj|A 1), X,Y,Z,S,Q,02,03) x P(Y|A,X,Z,S,Q,0)P(ajs|0%) (B.14)

Let E_ i) be the noise matriE = Y — (So Q o Z o X)A evaluated whem,;, = 0

and denote the column ¢8 o Q o Z o X) by w],. Consider the log conditional af,

in (B.14).

1 .1
log P(aji|rest) = —T'Qtr(Y -GA)(Y-GA) — Fajka}—k + const
€ A
1
= 55 tr(Egry — Wirae) (B-gry — Wiraje) | — 5—5ajaj, + const
20 204
= ——Qtr(Wkaajkakaij — 2W]TkajkEI(jk)) — —Qajka]Tk + const
20 2045
1 T T T T 1 T
= —ﬁ((wjkwjk)(ajkajk) — 2ajkE_|(jk)ij) — m&jkaﬂg -+ const
1 T T 062 T T T
= —52 (ijwjk)(ajkajk) + U—Qajkajk — 2a;,E. ;W) | + const
€ A
T , o2 T T
Wik WL + vy 2a-kE_‘ N\
= —% ajka]Tk — % + const (B.15)
20¢ WjiW .+ o

Thus the conditional distribution of each row of the mixingtnix given other variables

is GaussianV (e, A) whose mean and variance are defined as

2
04 T T
K ijW}—kUEl + 02 (k) T gk ( )

Wi W 1
A = ( 2 J’f+_2> Tpxb (B.17)

2
O 04
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B.4 The noise variancer?

The conditional distribution of? can be obtained using Bayes's rule as follow.
P(c?|E, a,b) x P(E|c?)P(c?|a,b) (B.18)

where the log of the total likelihoo@(4.2) and the prior areeg as

1 ND
log P(Elo?) = —202tr(EET)—Tlog(27mf) (B.19)

€

log P(c?|a,b) = —(a+1)logo? —

ke logI'(a) — alogb (B.20)
0-6

Taking log of [B.18) results in the following equation.

log P(c?|E) = log P(E|o?) + log P(c?|a,b)

1 ND
= 552 tr(EET) — - log(2mo?) — (a + 1) log o?

b2 —logT'(a) — alogb
O-E

ND
= — <(a+1)+7) log o2

11 2\ 1
- <E + §tr(EE )) o + const (B.21)

As a result, we have the conditional probability

ND b

2 71+ gtr(EET)) (B.22)

P(d?|E,a,b) = IG(0?;a +
B.5 The variance of mixing matrix elements
The conditional probability distribution ef4 can be obtained using Bayes’ rule.
P(d3|A, ¢, d) o< P(A]o}y) P(o]c, d) (B.23)
Similarly to the previous section, the log of conditionahdze written as

1 DK
log P(d%4|A,c,d) = ﬁtr(AAT)—Tlog(Qﬂai)

A
1
—(c+1)logos — —— (B.24)
o4d
As a result, we have the conditional probability distribatof % as below.
DK d
P(c%4|A,c,d) = IG(o%;c+ ) (B.25)

2 1+ dtr(AAT)
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