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Abstract. Graph-based semi-supervised learning has attracted much
attention in recent years. Many successful methods rely on graph struc-
ture to propagate labels from labeled data to unlabeled data. Although
graph structure affects the performance of the system, only few works
address its construction problem. In this work, the graph structure is
constructed by adjusting the hyperparameter controlling the connection
weights between nodes. The idea is to learn the hyperparameters for
graphs that yields low leave-one-out prediction error on labeled data
while retaining high stability of the prediction on unlabeled data. The
problem is solved efficiently using the gradient-based optimization tech-
nique. Experimental results indicate that the proposed technique yields
improvement of generalization error as well as stability of the labeling
function.

Keywords: Machine Learning, Graph-Based Semi-Supervised Learning,
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1 Introduction

Graph-based semi-supervised learning techniques have attracted much attention
in recent years. The general idea of these methods is based on building a graph
whose nodes are data points connected with edges that encode similarities be-
tween them. The labels of unlabeled data are learned on this graph in such a
way that nearby data points will have similar labels. Examples of graph-based
semi-supervised algorithms include label propagation [1], graph mincuts [2], ran-
domized mincuts [3], and regularization on graphs [4,5].

Although the graph structure is shown to have much influence in graph-based
semi-supervised learning [5], few methods are proposed to deal with its con-
struction problem. In [6] the hyperparameters of the graph are learned using the
evidence maximization. Carriera-Perpinan and Zemel [7] propose to construct
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an ensemble of graphs by combining multiple minimum spanning trees, formed
from perturbed version of the data. Wang and Zhange [8] propose a method
that is similar to locally linear embedding(LLE) to learn the graph weights by
minimizing the reconstruction error of the data points from its neighbors. The
most influencial works are the algorithms introduced in [9] and [10]. In [9], the
authors optimize the hyperparameters using average label entropy on unlabeled
data points as a criterion, i.e., they select hyperparameters which yield the most
confident labeling on unlabeled data. It is shown by experimental results in
[10] that minimizing the entropy on unlabeled data is insufficient. Zhang and
Lee instead find the parameters by minimizing leave-one-out prediction error on
labeled data.

While there are several strategies to learn graph structure, propagation al-
gorithms on the graph are quite similar. Indeed, most of graph-based semi-
supervised techniques rely on an objective function which is a tradeoff between
prediction error on labeled data and smoothness of label transition. In [5], the
authors have shown that the smoothness term makes the label assignment a
“stable” algorithm, thus bounds over the generalization error can be computed.
This suggests that a good hyperparameter should not only minimize the leave-
one-out prediction error as in [10], but also maximize the stability of the labeling
function on the resulting graph.

In this work, we extend the techniques proposed in [9] and [10] by directly
incorporating a regularization term which measures the stability of the labeling
function on graphs. Involving this regularizer, the hyperparameters of a graph
are learned using the gradient-based optimization technique. Using the stability
measure, we can achieve a stable labeling function as a consequent of this graph
learning method.

2 Graph-Based Semi-supervised Learning

Given a data set X consisting of [ labeled examples z; € L = {x1,x2,...,2;}
and u unlabeled examples z; € U = {41, 142, ..., Trn }, where L and U denote
sets of labeled and unlabeled examples, respectively. Let n = [ + u be the total
number of examples and m be the dimensionality of the input data. Associated
with each labeled example is labels y; € Y. In this work, we consider only a
binary classification problem in which Y = {0,1}.

2.1 Graph-Based Semi-supervised Classification

A general task in graph-based semi-supervised classification is to assign labels
to unlabeled nodes z; € U through a graph G. The nodes represent both labeled
and unlabeled data points. The symmetric weight matrix W which encodes the
similarities between nodes is typically computed as follow:

m
;= exp(— szd zia)?/03) (1)
d=1
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where z; 4 is the d-th component of 2; € R™ and o4 is the bandwidth hyper-
parameters for the dimension d. The transition probability matrix between two
nodes can be computed by P = D~!W. The matrix D is a diagonal matrix
whose D;; = Z?:l w;; is a degree of node i.

A general strategy is to find a real-valued function f on graph and then assign
labels based on f. We want f to take values y; on labeled data points and varies
smoothly on unlabeled data points according to the weight matrix W. This
criterion leads to the following choice of consistency of f on graphs [9]:

n

B(f) =5 3 wiF(0) — F()) )

4,j=1

where f(i) and f(j) are the function values at node i and j, respectively. To find
the solution of the above equation, it is convenient to split the matrices W and
P into four parts, starting with labeled data points followed by unlabeled data

points:
WLL WLU PLL PLU
W= P=
<WUL WUU) <PUL PUU>

It is not difficult to show that the function that yields a minimum value of (2)
is given by:

fo = Duu —Wyu) " Wurfr =1 — Pyv) ' Purfr - (3)

This function is called the soft-label function since its value does not directly
specify the class to which the example belongs, but it gives a possibility of being
in each class. The most obvious method to transform soft-label to hard-label
is by thresholding, e.g., classify « as being in class 1 if f(x) > 0.5, and class 0
otherwise. This method generally works well when the classes are well-separated.
However, this is not the case in many practical applications. In such cases, using
simple thresholding may result in an unbalanced classification.

Another method to transform the soft-label to hard-label is Class Mass
Normalization(CMN) introduced in [9]. The class distribution of the data is
adjusted to match the class priors, that can be obtained from the labeled exam-
ples. For example, if the prior class proportion of class 1 and 0 is p and 1 — p,
then an unlabeled example x is classified as class 1 iff p- (f(x)/ ), f(z;)) >
(1 =p)((1 = f(x))/ > ;(1 = f(z;))). This method works well when we have suf-
ficient labeled examples to determine the class prior that accurately represents
the true class distribution.

As mentioned previously, graph structures do influence the results of clas-
sification. Figure 1 illustrates examples of such a situation, which shows two-
dimensional data set called twomoon. In Fig.1(a) two labeled examples, circle
and triangle, are drawn along with unlabeled examples depicted as solid dots.
As we can see in Fig.1(b) and (c), a small change in the value of ¢ used to con-
struct graphs results in significantly different classification results. Moreover the
optimal o, which yields a correct result as shown in Fig.1(d), is difficult to find
in practice. Consequently, we need an efficient graph learning algorithm to solve
this problem as it plays vital role in graph-based semi-supervised classification.
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Fig. 1. The results of classification using different values of o to construct graphs; (a)
the raw data with 2 labeled examples (b), the result when o = 0.08, (c) the result
when ¢ = 0.1, (d) the result of correct classification

2.2 Graph Learning Algorithms

As mentioned previously, this work extends two previous works namely Minimum
Entropy(MinEnt) [9] and Leave-one-out Hyperparameter Learning(LOOHL)
[10]. This section gives a brief review of these two techniques successively.

In MinEnt, the weight matrix is obtained by learning all g4 in (1) from both
labeled and unlabeled data. An average label entropy, H(f), is used as a heuristic
criterion for parameter learning, which is defined as

HP =5 32 HU) @

where H;(f(i)) = —f(i)logy f(i) — (1 — f(i))logy(1 — f(2)) is the entropy of the
soft-label at the individual unlabeled data point 7. The concept of this algorithm
is that a good weight W should result in a confident labeling, i.e., the average
label entropy is low when soft-label at each unlabeled data point is close to the
boundary of the labeling function.
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Instead of considering label entropy at unlabeled data, the LOOHL learns
the hyperparameters o4 of the graph by minimizing the leave-one-out prediction
error on all labeled examples. The objective function is:

l
Q=Y h(fls) (5)

where hi(z) is the cost function for labeled example z that penalizes the dif-
ference between the predicted soft-label and the true label of the instance. An
efficient algorithm to gradient computation is proposed based on matrix inver-
sion lemma and careful precomputation. Both MinEnt and LOOHL also mention
a case of degenerative graphs in which o4 grow either too large or too small. Thus
a simple regularizer is used to prevent this problem. Moreover, P is replaced by
P = el + (1 — €)P, where U;j = 1/n, to prevent the numerical problem.

3 Robust Graph Hyperparameter Learning

In this work, we propose a hyperparameter learning method which considers
the leave-one-out prediction error on labeled examples and the stability cost of
the labeling function on unlabeled examples. Using the result of (3), at each
iteration ¢ = 1,..,1 of leave-one-out, the soft-label function can be determined
by fi = (I — Ply) ' Phy fE where fi = (f1,.., fi1, fir1, - f1)T. The modified

transition matrix is then defined as:

Pet Pti+1 --- DPtn Pta - DPtt—1  Pti+1 --- Dt
Pt Di+1.t Pt Pi+1,1 -+ Pi4+1,t—1 Pl41,t+1 - - - Pi41,1
vv — : Py R UL T : : : : : :
Dnt Pn1i --- DPnt—1 DPnt+1l --- DPnl

The first row and column in P}, and the missing column in P};; correspond
to a labeled example z; used to evaluate prediction cost hi(z:). Let ex be a
vector whose element is 1 at k-th position and 0 elsewhere. The soft label of
this example is ef ff;, the first element of ff;. Let f{;, for 1 <k < wu+ 1 define
the soft-label of z; together with other unlabeled examples. Then the objective
function to be minimized can be written as:

l u+1
R=~Y"h(fh )+ 0= s(for) (6)
t=1 k=2

where «y balances accuracy and stability of the soft-label function. The fy . =
( f[1] s flzj R f[l] )T is the vector whose element is the soft-label of k-th unlabeled
example at each ¢t = 1, .., 1. The cost function h:(f{; ;) is defined as in (5). Possible
choices for (), if y = 1, are 1 —xy, (1 —24)?, and —log x;. If y, = 0, the cost
function can be x, 2%, and a** !, for example.

In the second term of (6), the cost function s(fy ) measures the variation
of the soft-label over elements of fy ;. Thus the sum of this quantity over all
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unlabeled examples can be used to determine how stable the labeling function
is. A possible choice of s(fu k) is the variance function. Although this function
captures the variation of soft-label, it does not take into account the confidence
of labeling function. For example, if most of soft-label values lies near 0.5, we
assign labels to unlabeled data with low confidence. Instead, the stability cost
function used in this work is:

s(fur) = —furlogy fur — (1 — fux)loga (1 — fuk) (7)

which is the entropy of an average of all elements of fi; ;. This function is chosen
because it penalizes the high variation as well as the deviation from the function
boundary. By minimizing this cost, labels are assigned with high confidence using
the stable function.

To minimize R, we use the gradient-based optimization technique. The gra-
dient is:

OR/0oq =~ (Zhl (fu)e an/Bad)>

u+1 l
+(1 =) (Z (for) Z (0fi /904 ) (8)
k=2

where Of}; /00q = (I — ]5(’5][]) Y0P,y /004 - fi + 0P, /00q - fL) using matrix
property dX ! = —X~1(dX)X . The s'(fur) = logQ((l — fux)/fuk)- Denot-
ing (81T = (h;(ffm)el (I — Phy)™Y) and (¢)T = ef (I — Pfy;)~" and noting
that P = elf + (1 — e)P. With careful re-arrangement and substitution, the
gradient can be written as

oP} P}
0 uu UL | pt
OR/0oq = NZ 8") < oy fo+ Pon fL)

u+1 l
+u/ <Z (for) Y (& <8PUU fi+ a;DUL fL>> (9)
o

t=1

where pp = (1 —¢) and ¢/ = (1 —)(1 — €). From the relation that P(i,j) =
w(i, j)/ Z;'L:1 w(i, j), the partial derivative of transition probability P(i,j) can
be computed by

= (6; — P(i,5) - , 10
TN b bl DY (10)
where 6; = >, w(i,j) and Ow(i,j)/00q = 2w(i, j)(2i,a — z;4)? /o5 by (1). Fol-
lowed from [10], the computational complexity of the algorithm is very expen-
sive. A possible way to reduce the cost is by applying matrix inversion lemma in
computation of (I — Pf;)~! for each iteration t. Moreover, the computational
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cost can be further reduced by using an efficient precomputation. Spliting the
gradient computation into two parts, OR/Jdoy = - OH/0oq + 1’ - 0S/004 and
substituting (10) into (9), each gradient term can be derived separately as:

lu+1 ot (4, 7) owt; (i,7)
-y S (3t Salid

t=1 i=1 j=1

n awt u+1 -1
—ZT‘GI ZPUUZ] o+ > Phr(ig) - fi )

k=1 j=1
Y 8w<z‘,j>
= ZZO&U aad (11)
=1 j=1
0s = Ll 3 L owt,,, (i ,J owy; (i, ]
E:ZS/(ka)Z gt’ Z UU( )ng Z UL( )ij
k=2 t=11i=1 ° j=1 j=1
n 8wt 7, p u+1
_Z 04 ZPUUZ] fUJ ZPULZJ ij )
p=1
u+1
ow(i
=> s Zpk . (12)
k=2 i=1 j=1

Let 6(-) be Kronecker delta. The pfj can be computed by the following formula:

_ l n
(91') 22:&:1 51%,i—l+1(f(tj,j—l+1 - Zk:lJrl pikf(tj,k—l+1 ifi>1,7>1
—Pitf1 = D=1kt PikSk)
N1 5 t toL sS4 — LS54
]?_ _ (01) tZt:l gl;:l,l*lJrl(fU,tl 6(.7 t) —i; f] 5(] # t) ifi> l7j S l,
Pij —Pitfu1 = D1 Pik SO p—11 — Zk:l:k;ﬁt pikfr)
—1gi i n i 1 o .
(0:) 1§k,1(fU,jfl+1 = Dkttt PikfUp—141 — D okmr Pinfr) i<l j>1,
l e .
(0:)~ lfk 1(f5 Zk 1+1 szka I+1 =D k=1 Pik fr) ife<il,j<l
(13)

To compute ayj, substitute &, , by B, without subscript k. Since computing
the gradient of stability term requires much computation, a possible method to
reduce this computational cost is to use only a subset of unlabeled examples to
compute the gradient. We call this algorithm Robust Graph Hyperparame-
ter Learning (RobustHL). The graph constructed by this technique is called
robust graph. Algorithm 1 shows the efficient gradient computation of RobustHL.

4 Experimental Results

In the experiment, we compare the prediction accuracy of four model selec-
tion methods, namely 5-fold Cross Validation, MinEnt, LOOHL, and RobustHL.
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Algorithm 1. An efficient gradient update algorithm for RobustHL

initialize gradient g < (0,...,0)T € R™
k 1(F

compute aj, p;j, and s'(fu,r)
fori,j=1,...n do

for each dimension d =1, ...,m do

ga — ga+ (i + 055 s (fur) - ply) - Ow(i, ) /0o

end for

end for

These techniques are used to learn the hyperparameters of the graph. Then the
accuracy of label assignment is computed. Instead of comparing the performance
of our technique with other semi-supervised techniques, we pay more attention
to the comparison of different model selection techniques. Furthermore, charac-
teristics of the robust graph learned using the proposed stability measure are
investigated. The benchmark used in the experiment consists of six data sets as
shown in Table 1. The benchmark is well-known and is widely used to assess the
power of various semi-supervised learning techniques. They can be categorized
into two groups. The first group includes g241c, g241d, and Digitl which are
artificially created in order for certain assumptions to hold. The data sets in
second group are derived from real data to indicate the performance of algo-
rithms in real world applications. It includes USPS, COILo, and BCI. The detailed
explanation of each data set can be found in [11].

In the first experiment, we assess the performance of algorithms when there
are 10 labeled examples for each data set. To see the effect of soft-label transfor-
mation, both thresholding and CMN are applied in each algorithm. To make the
results from the experiment robust and independent of properties of the chosen
data points, the algorithms are tested on randomly selected 12 subsets of labeled
examples and report the average accuracy as well as its confidence interval.

Throughout the experiment, the smoothing factor € is fixed at 0.001 for all
model selection methods. The parameter v is selected from {0.2,0.4,0.6,0.8}.
For 5-fold CV, the parameter o, is selected from {%, %, %, 1,2,4,8} which is the
same for all dimensions. The final objective function of other three methods is:

C1 X Loss + Cy x Z(l/gd —1/3a)%/m ,
d

where Loss is the original cost function of MinEnt, LOOHL, and RobustHL. The
second term in the above equation is introduced to regularize the value of o4
by preventing the value from approaching either 0 or co. For each ratio C : Cs
in {1072,107%,1,10,100}, the &, is taken from {0.05,0.1,0.15,0.2,0.25,0.3} to
avoid the local minima. All input vectors are normalized to have length 1. The
result of this experiment is shown in Table 2.

In the second experiment, the data set is split into traning set and test set.
In traning set, the number of labeled examples varies across 10%, 30%, 50%,
70%, and 90% of this set. Then the labels are assigned to unlabeled examples
in both traning set and test set. For each particular set of labeled examples, the
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Table 1. Basic properties of benchmark data sets

Data Set Dimension Points Comment
g241c 241 1500 artificial
g241d 241 1500 artificial
Digitil 241 1500 artificial
USPS 241 1500 imbalance
COIL: 241 1500

BCI 117 400

Table 2. Classification accuracy(%) and confidence interval with 10 labeled examples

Method g241c g241d Digitl USPS COIL> BCI
CV+Thresh 50.90£3.0 51.64+4.5 51.31+£5.2 80.01£.05 55.78+5.4 50.28+1.1
CV+CMN 52.14£4.2 52.61+£5.3 57.04£13.7 80.02£.04 58.11+6.9 49.94%+.75

MinEnt+Thresh 55.32+6.1 56.184+6.8 59.91£4.2 75.24+£7.7 56.87+9.0 54.74+4.4
MinEnt+CMN 57.28£7.7 58.15£7.0 63.81+£6.5 82.86%4.6 58.94+£10.3 58.08+5.9
LOOHL+Thresh |76.27+£4.0 57.04+£5.0 63.39£3.0 80.27£5.2 68.47£5.9 69.10£5.4
LOOHL+CMN 73.2844.8 59.18+£6.9 63.9£7.7 81.60+4.1 69.74£7.8 69.40+4.9
RobustHL+Thresh|76.50+2.5 56.44£3.1 62.55+2.1 78.22+4.5 67.32£5.0 71.21£3.5
RobustHL+CMN | 72.51+2.8 58.18+4.8 65.03+7.1 81.25+3.4 71.25+5.6 72.12+2.8

classification error and stability on test set are calculated. In this experiment, the
same model selection methods as previous experiment are used. Figure 2 shows
the plot of classification error and stability of four model selection methods when
the number of labeled examples in each data set increases.

From the result in Table 2, we can make the following conclusions.

1. MinEnt, LOOHL, and RobustHL graph learning methods perform better
than typical CV in all data sets except MinEnt+Thresh and RobustHL+
Thresh in USPS. In this data set, CV+Thresh achieves higer accuracy than
these two methods.

2. LOOHL and RobustHL in general achieve higher accuracy than MinEnt in
all data sets except USPS. In this data set, MinEnt+CMN achieves higher
accuracy than both LOOHL and RobustHL.

3. For LOOHL and RobustHL, both methods have competitive results. The
accuracy achieved by these two techniques differs no more than 2%. Indeed,
this is reasonable because the objective function of LOOHL and RobustHL is
similar. The only difference between these methods is the stability measure
introduced in RobustHL.

4. As a result of stability measure introduced in RobustHL, the confidence in-
terval of RobustHL is tighter than that of LOOHL. This results is supported
by the work of Belkin et al. [5] that the stability also affects the confidence
of the classification. This means the traning accuracy of RobustHL should
be closer to the true accuracy than LOOHL.
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Fig. 2. The classification error and stability of the labeling function obtained from
different model selection techniques against increasing number of labeled examples(%)

It is interesting to mention the following points about the stability of each
model selection technique shown in Fig. 2.

1. In some data sets, the MinEnt method has lower stability than CV, which
generally has lowest stability. As a result, it implies that the average label
entropy may not be a good criterion for learning a robust graph. In [10], the
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authors also state that MinEnt may fail to learn a good graph. This means
the the average label entropy may be insufficient in graph learning.

2. In general, LOOHL method has higher stability than CV and MinEnt. Men-
tioned in [5] and [12], the stability of the learner is defined in term of
leave-one-out scenario. As a result, the leave-one-out model selection scheme
usually results in a stable function. Therefore, it is not surprising that the
LOOHL can achieve such high stability.

3. For RobustHL, introducing explicit regularized term of stability in addition
to the leave-one-out prodiction loss improves the stability of labeling func-
tion. As can be seen in Fig. 2, the stability on labeling function of RobustHL
is the highest one. Therefore, we conclude that using the stability measure
on unlabeled examples as a criterion in graph learning improves the sta-
bility of the labeling function, that consequently yields an improvement in
classification accuracy.

In general, the labels of unlabeled examples can be predicted with higher confi-
dence when more label information is avaliable. The predicted label of unlabeled
examples are determined by their soft-label using simple thresholding or CMN.
However, this soft-label may dramatically change and result in a different pre-
diction when we add more labeled examples.

The stability of the soft-label on unlabeled examples can be used as a crite-
rion to determine the sufficient number of labeled examples. As can be seen in
Fig. 2, the stability of soft-label on unlabeled examples increases as more labeled
examples are added. However, at particular point, it will increase very slowly,
i.e., adding more labeled examples will no longer affect the soft-label of the un-
labeled examples. In other words, the prediction result is unlikely to change. At
this point, we can stop providing label information since doing so will no longer
improve the accuracy of the classification.

According to the experimental results, RobustHL generally achieves higher
stability and lower classification error than other three techniques. This means
that the stability of the labeling function of RobustHL can be used as the criteria
to determine the sufficient number of labeled examples very effectively.

5 Conclusion

In this work, the new hyperparameter learning in graph-based semi-supervised
classification is proposed. The parameters is learned by minimizing leave-one-
out prediction error on labeled examples while retaining high stability on un-
labeled examples. The problem can be solved efficiently using gradient-based
optimization. Encouraging results show that the proposed technique has high
performance compared to existing model selection techniques in graph-based
semi-supervised learning.
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